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1 Metric Spaces
Definition (Metric Space). The pair (X, d), where X is a set and the function
d: XxX—->R

is called a metric space if

1. d(z,y) >0

2. d(z,y) =0iffz =y

3. d(z,y) = d(y,z)

4. d(z,y) < d(z,2) + d(z,y)

Example 1.1 (Metric Spaces).

1. d(z,y) = |x —y| in R.

2. d(z,y) =[S0 (2 — y;)?)7 in R™
3. d(z,y) = || — y|| in a normed space.

4. Let (X,p), (Y,0) be metric spaces and define the Cartesian product X x Y =
{(z,y)]z € X,y € Y}. Then the product measure 7((x1,v1), (2,%2)) = [p(x1,72)? +

U(y17y2)2]%~
5. (Subspace) (Y,d) of (X,d)if Y € X and d = dyxy-

6. [°°. Let X be the set of all bounded sequences of complex numbers, ie., z =
(&) and |&] < ¢z, ¥ i. Then

d(z,y) = sup & — i
iEN
defines a metric on X.

7. X =Cla,b] and
d(x,y) = max [z(t) —y(t)|.
tela,b]
8. (Discrete metric)
1 2=y

d(x,y):{o oy



9. IP. = (&) €Pif X, &P < o0, (p > 1, fixed),

d(x,y) = (Z & —m-v’)
=1

=

P

Problem 1.

1. Show that d is a metric on C|a,b], where
b
i) = [ lal6) - y(o)at.

2. Show that the discrete metric is a metric.

3. Sequence space s: set of all sequences of complex numbers with the metric

e}

B 1 )& — il
d(z,y) = ; 21+ & — il a

Solution.

L d(z,y) =0 iff [z(t) —y(t)| = 0 for all ¢ € [a,b] because of the continuity. We have

d(z,y) > 0 and d(z,y) = d(y,x) trivially. We can argue the triangle inequality as

follows::
b b b
dz.y) = / () —y(t)|dt < / (1) — 2(8)|dt + / |2(t) — y(B)|dt = d(z, 2) +d(z.).

2. Left as an exercise.

3. We show only the triangle inequality. Let a,b € R. Then we have the inequalities
lat+bl _ _lal+[o] _ g 0]
L+Ja+b ~ 1+al+[b] =~ 1+|a]  1+0]

where in the first step we have used the monotonicity of the function

T 1
= =1———f )
T@) =177 13 ore>0
Substituting a = §; — ¢; and b = (; —n;, where x = (§;), y = (m;), and z = ((;) we get
& —ml & =Gl |Gi — il

T+1&—m| — 1+1& -Gl 1+1(6G—m]

If we multiply both sides by % and sum over from 7 = 1 to oo we get the stated
result.

O



1.1 Open Sets, Closed Sets
Definition (Open Ball, Closed Ball, Sphere).

1. B(zg,r) = {zx € X|d(z,z9) < r}
2. Blzo,r) = {z € X|d(z,z0) < r}

3. S(xg,r) ={x € X|d(z,z9) =1}
Definition (Open, Closed, Interior).
1. M is open if contains a ball about each of its points.
2. K C X is closed if K¢ =X — K is open.
3. B(zg;¢) denotes the € neighborhood of zg.
4. Int(M) denotes the interior of M.

Remark 1.2 (Induced Topology). Consider the set X with the collection T of all open
subsets of X. Then we have

I.0er, X er.
2. The union of any members of T is a member of T.
3. The finite intersection of members of T is a member of T.

We call the pair (X, 7) a topological space and T a topology for X. It follows that a metric
space is a topological space.

Definition (Continuous). Let X = (X,d) and Y = (Y, d) be metric spaces. The mapping
T : X — Y is continuous at xg € X if for every € > 0 there is § > 0 such that

d(Tz,Txo) <e, V x such that d(x,zg) < 0.

Theorem 1.3 (Continuous Mapping). T : X — Y is continuous if and only if the inverse
image of any open subset of Y is an open subset of X.

Proof.

1. Suppose that T is continuous. Let S C Y be open Sy the inverse image of S. Let
So # 0 and take xg € Syg. We have Txg = yg € S. Since S is open there exists an
e-neighborhood of yg, say N C S such that yo € N. The continuity of T' implies
that xg has a d-neighborhood Ny which is mapped into N. Since N C S we get that
Ny C Sy, and it follows that Sy is open.



2. Assume that the inverse image of every open set in Y is an open set in X. Then
V x9g € X, and N (e-neighborhood of T'zy) the inverse image Ny of N is open.
Therefore Ny contains a d-neighborhood of zy. Thus T is continuous.

O
Some more definitions:

Definition (Accumulation Point). = € M is said to be an accumulation point of M if
3 () C M s.t. z, — x.

Definition (Closure). M is the closure of M.
Definition (Dense Set). M C X is in X dense if M = X.

Definition (Separable Space). X is separable if there is a countable subset which is dense
in X.

Remark 1.4.

1. If M is dense, then every ball in X contains a point of M.

2. R, C are separable.

3. A discrete metric space is separable if and only if it is countable.
Theorem 1.5. £*° is not separable.

Proof. Let y = (n;) where n; = 0,1. There are uncountably many y’s. If we put small balls

with radius % at the y’s they will not intersect. It follows that if M C [*° is dense in [*°,

then M is uncountable. Therefore [*° is not separable. O
Problem 2. Show that [P, 1 < p < oo is separable.

Solution. Let M the set of all sequences of the form z = (&1, &2, ...,&p, 0,0, ...), where n is
any positive integer and the ;s are rational. M is countable. We argue that M is dense in
[P as follows. Let y = (1;) € I? be arbitrary. Then for every ¢ > 0 there is an n such that

[o¢]
eP
o mlP <5
i=n+1 2

Since the rationals are dense in R, for each 7; there is a rational &; close to it. Hence there

is an « € M such that
Z Imi — &l < o
=1

It follows that d(y,x) < e. O



1.2 Convergence, Cauchy Sequence, Completeness

Definition (Convergent Sequence). We say that the sequence (z;,) is convergent in the
metric space X = (X, d) if

lim d(z,,z) =0 for some x € X.
n—oo

We shall also use the notation x,, — x.

Definition (Diameter). For a set M C X we define the diameter 6(M) by

S(M) = sup d(x,y).
x,yeM

M is said to be bounded if §(M) is finite.

Lemma 1.6.
1. A convergent sequence (xy,) in X is bounded and its limit x is unique.
2. If vy, — x and y, — y in X, then d(xn,yn) — d(z,y).

Problem 3. Prove Lemma 1.6.

Solution.

1. Suppose that x, — x. Then, taking ¢ = 1 we can find an N such that d(z,,z) < 1
for all n > N. By the triangle inequality we have

d(xp,x) <14+ maxd(zy,z),d(x2,2),....,d(xN,x).
Therefore (z;,) is bounded. If x,, — x and z,, — z, then

0 <d(z,z) <d(xn,x)+d(x,,2) — 0asn— oo
and uniqueness of the limit follows.

2. We have
d(wm yn) < d(.l‘n, 37) + d(l‘, Z/) + d(yv yn)a

and hence
d(xna yn) - d(a:, y) < d(xny 13) + d(yna y)
Interchanging z,, and x, ¥, and y, and multiplying by —1 we get

Combining the two inequalities we get

|d(@n, yn) — d(z, y)| < d(zn, ) + d(yn,y) — 0 as n — oo



O

Definition (Cauchy Sequence). (z,) in (X,d) is a Cauchy sequence if Ve > 03 N =
N(e) s.t.

m,n >N = d(xp,, z,) < €.
Definition (Complete). X is complete if every Cauchy sequence in X converges in X.
Theorem 1.7. R, C are complete metric spaces.

Theorem 1.8. FEvery convergent sequence in a metric space is a Cauchy sequence.

Theorem 1.9. Let M C X = (X,d), X is a metric space and let M denote the closure of
M in X. Then

1. xe M iff 3 (x,) €M s.t. x, — .

2. M 1is closed iff xp, € M and x, — x imply that x € M.

Theorem 1.10. Let X be a complete metric space and M C X. M is complete iff M is
closed in X.

Theorem 1.11. Let T be a mapping from (X, d) into (Y,d). T : X =Y is continuous at
xo € X iff v, — xo implies Tx,, — Txg.

Problem 4.
1. Prove Theorem 1.10

2. Prove Theorem 1.11
Solution.
1. Let M be complete. Then for every # € M there is a sequence (z,,) which converges
to x. Since (z,) is Cauchy and M is complete x,, — x € M, therefore M is closed.

Conversely, let M be closed and (x,) be Cauchy in M. Then x,, — = € X, which
implies « € M, and therefore = € M. Thus M is complete.

2. Assume that T is continuous at xg. Then for € > 0 3 § > 0 such that
d(z,z0) < & implies d(Tz, Tzq) < €.
Take a sequence (x,) such that =, — zp. Then I N sit. ¥V n > N we have

d(xy, ) < 0 and hence .
Vn>N,dTz,,Tx)) <e.

Conversely, assume that x,, — z) = Tz, — Txzy and show that T is continuous
at xo. Otherwise, 3 & > 0suchthat V>0, 3z # zp) satisfying d(z,z9) < 0
but d(Tz,Txg) > e. Let § = L. Then there is an z, such that d(z,,z0) < + but

d(Txy, Txg) > € contrary to our assumption.

O



1.3 Completeness Proofs

Theorem 1.12. R™, C"™ are complete.
Theorem 1.13. ¢ is complete.

Proof. Let (x,,) be a Cauchy sequence in £*°.

= d(Tm, Ty) = sup \J:Z(m) — azgn)\ < g, for m,n > N(e).

= for fixed 7, the sequence (fgm)) is Cauchy in R, and therefore we have that 52-(m) —
&, fori=1,2,3,... Let z = (&). It follows easily that x € ¢*° and z,, — x. O

Theorem 1.14. The space of convergent sequences x = (&) of complex numbers with the
metric induced from £°° is complete.

Theorem 1.15. /P is complete if 1 < p < co.
Theorem 1.16. Cla,b] is complete.

Proof. Let (x,,) be a Cauchy sequence in Cfa,b]. Then

Ve>03 Nst formn>N = dzm,z,) = m[a>g] |Tm () —zn(t)] <e.  (2)
tcla,

= for any fixed ty € [a,b] we have that |z,,(to) — zn(to)| < €. It follows that z,,(to) is
Cauchy and therefore z,,(tg) — z(to). Show that z(t) € Cla,b] and z,, — z. From (2)
with n — oo we get

max |z, (t) —x(t)| <e.

t€(a,b]
Therefore z,,(t) converges uniformly to z(¢) on [a,b]. Since the z,,’s are continuous on
[a,b] and the convergence is uniform z(t) is continuous, and thus belongs to C|a, b]. O

Remark 1.17. Note that in C[a,b] convergence is uniform convergence; we also use the
terminology uniform metric for the metric generated by the “sup”-norm.

Example 1.18 (Incomplete Metric Spaces).
1. Q
2. The polynomials

3. Cla,b] with the || - |2 norm



1.4 Completion of Metric Spaces

Definition (Isometry). Let X = (X,d) and X = (X,d) be metric spaces. The mapping
T: X — X is an isometry if d(T'z, Ty) = d(x,y). The metric spaces X and X are isometric
if there is a bijective isometry of X onto X

Theorem 1.19. Let X = (X,d) be a metric space. Then there exists a complete metric
space X = (X,d) which has a subspace W that is isometric with X and is dense in X. X
s unique except for isometries.

Proof. This proof is divided into steps.

1. Construction of X. Let (z,) and () be equivalent Cauchy sequences, i.e.,

lim d(z,,z,) =0.
n—oo

Define X to be the set of all equivalence classes & of Cauchy sequences. Define now

~

d(z,9) = lim d(x,,y,) where (z,,) € & and (y,,) € 9. (3)
n—oo
We show that limit in (3) exists and independent of the particular choice of the
representatives. We have using the triangle inequality

d(xmyn) < d(xnaxm) + d(imyym) + d(ymayn)-
It follows that
d(xmyn) - d(xmuym) < d(xnyafm) + d(ymayn)-

Exchanging the role of n and m we get

d(xmaym) - d(l'myn> < d(xmxm) + d(ymayn)-

The two inequality together yield

It follows that (d(zy,yn)) is a Cauchy sequence in R and therefore it converges, i.e.,
the limit in (3) exists.

We show now that the limit in (3) is independent of the particular choice of repre-
sentatives. Let (), (z,) € Z and (yn), (,,) € §. Then

/ ’

\d(a:n,yn) - d(xmyn)‘ < d(l‘n,l’;) + d(ymy;z) —0asn— 00,

which implies
lim d(x,,yn) = lim d(z,,y,)-
n—oo n—oo

10



2. Show d is a metric on X. Left as an exercise.

3. Construction of an isometry T': X — W € X. With each b € X we associate the
class b € X which contains the constant Cauchy sequence (b,b,b,...). This defines
the mapping T : X — W onto the subspace W = T'(X) € X. The mapping T' is
given by b — b = Tb, where (b,b,...) € b. According to (3) d(b,é) = d(b,c), so T is
an isometry. 7' is onto W since T'(X) = W. ( W and X are isometric.)

Show that W is dense in X. Let # € X be arbitrary and let (z,) € &. For every
e > 0 there is an N such that d(z,,zy) < 5, forn > N. Let (zn,2N,...) € TN.
Then Zx € W, and by (3)

d(z,in) = lim d(zn,zy) < % <e.

n—oo

4. Completeness of X. Let (Z5,) be an arbitrary Cauchy sequence in X. Since W is
dense in X for every &, there is a Z, € W such that

A 1
d(Zp, 2n) < —
(Zn, 2n) n

It follows using the triangle inequality and the Cauchyness of (Z,,) that (Z,) is Cauchy.
Then (z,), where z, = T~12, is Cauchy in X. Let & € X be the class to which (z,)
belongs. We have

A&, ) < d(En, 2n) + d(2n, ) < = 4+ d(2n, &) <
n

for sufficiently large n.

5. Uniqueness of X.If (X, d) is another complete metric space with a subspace W dense
in X and isometric with X, then W is isometric with W and the distances on X and
X must be the same. Hence X and X are isometric.

O

Problem 5. Show now that d is a metric on X.

Solution. Clearly, d(z,4) > 0 because of the definition (3). Also, d(%,2) = 0, and d(z,9) =

~

d(g, ), because of the properties of d.

A

d(2,9) < d(#,2) +d(2,9)

because we have
AT, yn) < d(Tp, 2n) + d(zn, yn) for all n.

11



Problem 6. A homeomorphism is a continuous bijective mapping T : X — Y whose inverse
is continuous. If such mapping exists, then X and Y are homeomorphic.

1. Show that is X and Y are isometric, then they are homeomorphic.

2. Illustrate with an example that a complete and an incomplete metric space may be
homeomorphic.

Solution. 1. If f : (X,d) — (Y,d) is an isometry, then d(f(z), f(y)) = d(z,y) < €
whenever d(z,y) < §, so f is continuous. If (X,d) and (Y, CZ) are isometric, then
there exists a bijective isometry f : X — Y. It follows that f~' : ¥ — X is
also an isometry, and that both f and f~! are continuous. Therefore X and Y are
homeomorphic.

2. Let f: (=5,5) — R be given by f(z) = tanxz. f is cintinuous and bijective.
Moreover, f~1: R — (-
is homeomorphic to (-5

]

Problem 7. If (X, d) is complete, show that (X, d), where d = #‘ld is complete.

Solution. Tt is easy to see that if (z,,) is Cauchy in (X, d), then (x,) is Cauchy in (X,d).

Since (X, d) is complete, x,, — z, but then we also have x,, — = in (X, d). It follows that

(X, d) is complete. O

12



2 Normed Spaces

Vector spaces, linear independence, finite- and infinite-dimensional vector spaces.

Definition (Basis). If X is any vector space, and B is a linearly independent subset of X
which spans X, then B is called a basis (or Hamel basis) for X.

Definition (Banach Space). A complete normed space.

Definition (norm). A real-valued function |[|-|| : X — R satisfying
1. ||zl >0
2. |lz]|=0iff z =0
3. o] = |all]]
4|z +yl < el + 1yl

Definition (Induced Metric). In a normed space (X, d) we can always define a metric by
d(x,y) = [z =yl

Remark 2.1. All previous results about metric spaces apply to mormed spaces with the
induced metric.

Problem 8. The norm is continuous, that is ||-|| : X — R by = — ||z|| is a continuous.

Solution. The triangle inequality implies that

Nzl = llylll < [l = yll.

Example 2.2 (Norm Spaces). R, C", (7 (> C|a,b], L?[a,b], LP[a,b].

Remark 2.3 (Induced Norm is Translation Invariant). A metric induced by a norm on
a normed space is translation invariant, i.e., d(x + a,y + a) = d(z,y) and d(azx,ay) =
lald(z,y). For example the metric (1) is not coming from a norm.

Theorem 2.4. A subspace Y of a Banach space X is complete iff the set Y is closed in
X.

Definition (Convergent, Cauchy, Absolutely Convergent).
1. (xy) is convergent if ||z, — x| — 0. (z is the limit of (z,)).

2. (zp) is Cauchy if ||z, — x,|| < € for m,n > N(e).

13



Definition (Infinite series). Let (z3) be a sequence and consider the partial sums
Sp =21+ T2+ ... +Tp.
If s, converges, say s, — s, then > 27 | x) is convergent and
o0
= ; i
If ||z1]| + [Jz2]| + ... + ||zn|| + ... converges, then Y 72,y is absolutely convergent.
Remark 2.5. Absolute convergence implies convergence iff X is complete.

Definition (Schauder basis). If X contains a sequence (ey) such that for every z € X
there exists a unique sequence (a,,) with the property that

|z — (cv1ier + ... + anen)|| — 0 as n — oo,

then (ey,) is called a Schauder Basis for X. The representation

o9
Tr = E QLCL
k=1

is called the expansion of = with respect to (ey).
Remark 2.6. If X has a Schauder basis, then X is separable.

Theorem 2.7. Let X = (X, ||-||) be a normed space. Then there is a Banach space X and
an isometry A from X onto a subspace W C X which is dense in X. X is unique, except
for isometries.

Theorem 2.8. Let X be a normed space, where the absolute convergence of any series
always implies convergence. Then X is complete.

Proof. Let (s,) be any Cauchy sequence in X. Then for every k € N there exists ny
such that ||s, — sm|| < 27%, (m,n > ni) and we can choose ny,q > ny for all k. Then
(sn,) is a subsequence of (sy) and is the sequence of the partial sums of )z, where
X1 = Spyy ey T = Sy, — Spy_q5 - Hence

DNl < Nlall + llz2ll + Y- 27% = flaa || + laal| + 1.

It follows that )z}, is absolutely convergent. By assumption, ) xj converges, say, sp, —
s € X. Since (s,) is Cauchy, s, — s because

150 = sll < llsn = s, || + lsn, = 5.

Since (s,) was arbitrary, s, — s shows that X is complete. O

14



2.1 Finite dimensional Normed Spaces or Subspaces
Theorem 2.9 (Linear Combinations). Let X be a normed space, and let
{z1,..., 2}
be a linearly independent set of vectors in X. Then 3¢ >0 s.t.
lonxy 4+ - -+ apxn|| = c(Jag| + - + |an]) -

Proof. Let
s=|aq|+ -+ |an].
If s = 0 we are done, so assume s > 0. Define

o
B = —.

S

Clearly we have that
n
> oIgl=1.
i=1

Then we can reduce the above inequality to

n
> Bix;
i=1

We will prove the result for Theorem 4.
Suppose Theorem 4 is not true. Then 3 (y,,)

=1

> c. (4)

such that
[ym |l — 0 as m — oc.

Note that > | \ﬁi(m)| =1= |ﬁi(m)| < 1V i. Hence for each fixed i the sequence
(8) = (89,87,

is bounded. Therefore ﬂ%m) has a convergent subsequence (B-W). Let 3 be the limit, and
let (y1,m) be the corresponding subsequence of (y,)

(y1m) = 7™ w1 + Z B
i=2

15



VEm) — b

Then there is a there exist corresponding B2, (y2,,m) where

ﬂém)ﬂﬂgasnﬂoo

(Y2,m) = 7§m)931 + 7§m)$2 + Z @-(m)wi-
=3

Since n is finite this process will terminate with
~_m)
(yn,m) = Z’Yim T;
i=1

with (yn,m) a subsequence of (y,,). By construction,

7™ = gy

n
>_IBil=1.
i=1

Therefore (yp,m) has a limit, say
n
y= Z Bix;.
i=1

Since ||ym| — 0 by assumption we must also have ||y, | — 0, We know y # 0 since
Yoy 1Bil =1 and {;} is a basis, a contradiction. O

Theorem 2.10 (Completeness). Fvery f.d.s.s. Y of a n.s. X is complete. In particular,
every f.d.n.s. is complete.

Proof. Let (y;,) be a Cauchy sequence in Y. We must find a limit y such that
Ym — Y
yey.

Let n =dimY, and let {e1,...,e,} be a basis for Y. Then V m we can represent y,, as

n
=1

(m))

But then for each fixed i sequence (o
converges, say

is Cauchy in R. So each of these sequence



Then define "
¥y= Z Q€.
i=1

Clearly, y € Y and y,,, — .

Theorem 2.11. Fvery f.d.s.s. Y of a closed n.s. X is closed in X.
Proof. By Theorem 2.10 Y must be complete. Therefore Y is closed in X. ]

Note that finiteness in the previous proof is essential. Infinite dimensional subspaces
need not be closed in X. For example consider

X = o, 1]

Y =span ({1,¢,...,t",..}).

Then the sequence (t') converges to

=11 15
which is not in Y.
Definition (Equivalent Norms). [|-||; and ||-||, are equivalent if 3 a,b > 0 s.t.
allelly < lloll, < bzl ¥ € X.

Theorem 2.12 (Finite Dimesional = All Norms are Equivalent). On a f.d.n.s. X every
two norms ||-||;, |||ly are equivalent.

Proof. Let n = dim X, let {e1,...,e,} be a basis for X with ||e;||; = 1, let z € X be

represented as
n
r = E Q,;€;.
i=1

Then d ¢ >0 s.t.
n
[EE=
i=1
Also note

n n
lzll, <D lail lleill, < k) e
=1 =1

where
k = max {|le;[|5} -

17



Combining these inequalities we obtain
ko 1
lally < Ze Jail < =l
i=1

where
c

a= -

k

and we obtain the inequality involving a. A similar argument yields for the inequality
involving b. O

Problem 9. What is the largest possible ¢ > 0 in

n n
S| 2 e e
=1 =1

if
1. X =R? 21 = (1,0), 25 = (0,1).
2. X =R3 z; = (1,0,0), 29 = (0,1,0), z3 = (0,0,1).

Solution. Find min{|| Y_ Biz;|| : > |8 = 1} and obtain respectively. O

A1 1
V2 V3
Problem 10. Show that if ||-||; , |||, are equivalent norms on X then the Cauchy sequences
in (X, [[-{]1); (X, [[-[ly) are the same.

Solution. Suppose that (z,,) is a Cauchy sequence in || - ||2. Then for every € > 0 there
exists N such that ||z, — z,/l2 < § for all m,n > N, where b is a constant for which
llz|l1 < b||x|l2. Then ||z, — zm|l1 < b||xyn — zml|l2 < € for all m,n > N. It follows that (z,)
is Cauchy in || - [|;. A similar argument works in the other direction. O

2.2 Compactness and Finite Dimension

Definition (Compactness). A metric space (X,d) is compact if every sequence in X has
a convergent subsequence. M C X is compact if M is compact as a subspace of X, i.e., if
every sequence in M has a convergent subsequence which converges to an element in M.

Theorem 2.13. If M is compact then M is closed and bounded.

Proof. First we show closed. For all z € M 3 (z,) C M s.t. x, — x. M is compact =
x € M, hence M is closed.

To show boundedness assume it is not true. Then fix b € M and choose ¥y, €
M s.t. d(yn,b) > n. Then (y,) C M is a sequence with no convergent subsequence,
contradicting the assumption that M is compact. Thus M is bounded. O
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Note the converse of this theorem is false. Consider M C ¢? as
M = {xn e P st oz, = (en), (en)i = (5m}.

Then M is bounded since ||z,| = 1 and M is closed because there are no accumulation
points

|Tn — 2| = \/5

But the sequence (z,,) has no convergent subsequence, so M is not compact. In some sense,
there is too much room in the infinite dimensional setting.

Theorem 2.14 (Compactness). Let X be a f.d.n.s. . Then M C X is (sequentially)
compact iff M is closed and bounded.

Proof. The “=" case was proved by the previous theorem. For the other direction, assume
M is closed and bounded.

For the other direction (“<”), assume n = dim X, {e1,...,e,} is a basis for X, and
(xm) C M is an arbitrary sequence. Then there is a representation

Ty = Zgi(m)ei, Y m.
i=1

Since M is bounded, (z;,) is bounded so 3 k > 0 s.t.
[@ml| < k.
So then

ko> |z

>o&"e

=1

> ST e

> e 15™|
i=1

and therefore V i, (§§m)) C R is bounded and therefore V i, (fz-(m)) has an accumulation
point z. Since M is closed, z € M and there is a subsequence (z,,) C () S.t. zm — 2,

say,
n
z = E §iei-
i1

Since (x,,) was arbitrary, M is compact. O

We shall need the following technical result to prove subsequent theorems.
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Theorem 2.15 (Riesz). Let Y, Z be subspaces of X, and suppose Y is closed and is a
proper subspace of Z. Then ¥ 6 € (0,1) 3 z s.t.

Izl =1
lz—yll =0, VyeY.
Proof. Let v € Z —Y be arbitrary and let

— inf v —y.
a ;gﬁv yl|

Note if @ = 0 then v € Y since Y is closed. Therefore a > 0.
Choose 6 € (0,1). Then Fyg €Y s.t.

a<lo—wl<p
0
Let
1
lo = woll
By construction, ||z|| = 1. We want to show ||z —y| >0, Vye Y. So

z = c(v —yp) where ¢ =

Iz =yl = lle(v = o) =yl
- f-n-2|

= cllv—wl
for some y; € Y, = |[v—yi|| > a =
lz=yll = llv—wll
> ca
B a
[lo = woll
a
Z T
0
= 0.

O

Theorem 2.16 (Finite Dimension and Compactness). Let X be a normed space. Then
the closed unit ball
M ={z s.t. ||z|| <1}

1s compact iff dim X < oo.
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Proof. “=”. Suppose M is compact, but dimX = oo. Pick zy,|z1]] = 1. Then z;
generates a closed, 1-dimensional subspace X1 G X. Then also 3 o € X s.t. lzaf = 1
and

1
||x2 —x1|| Z 9: 5

Then x1, 5 generate a closed, 2-dimensional subspace Xo ; X. Then Jz3 € X s.t. ||z =
1 and

1

In this way construct z,, s.t.
1 .
|xn — ]| > 0 = 3 Vi=1,...,n—1.

Then (z,) C X is a sequence such that ||z, — z,| > 3, V m,n. Therefore (z,) has no
accumulation point, contradicting that M was compact.
“<" was proved by Theorem 2.14. O

Theorem 2.17 (Continuous Preserves Compact). Let T' : X — Y be continuous. Then
M C X compact = T (M) CY compact.

Proof. Let (y,) C T(M) be arbitrary. Then V n 3 z, s.t. y, = Tz,. Then (z,) C M
has a convergent subsequence (z,, ). Since T is continuous, the image (yp,) = T'(zy, ) also
converges. Therefore T'(M) is compact. O

Corollary 2.18 (Max, Min). Let T : X — R be continuous and let M C X be compact.
Then T obtains its mazx and min on M.

Proof. T(M) is compact = T'(M) is closed and bounded. Therefore
inf T(M) € T(M)
supT (M) € T(M).
U
Problem 11. Show that a discrete metric space with infinitely many points is not compact.

Solution. The space contains an infinite sequence (z), =p, # Tm (n # m) which cannot
have a convergent subsequence since d(x,,, ) = 1. O

Problem 12 (Local Compactness). A metric space X is said to be locally compact if every
point z € X has a compact neighborhood. Show that R, R" C,C" are locally compact.

Solution. The closed ball B(z,¢€) around an arbitrary point z is compact. U
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2.3 Linear Operators

into

Definition (Linear, Domain and Range). Let X,Y be vector spaces and let T': X — Y.
Then

1. If Va,y € D(T) and scalars «, 3
T(az + By) = aTz + Ty
then T is said to be a linear operator.
2. The null space of T is N (T') = {x € D(T) s.t. Tx =0}
3. The domain of T', D (T, is a vector space
4. The range of T, R (T'), lies in a vector space
Note that obviously D (T') C X. It is customary to write
T:D(T) 28 R(T).
Also, TO=T(040)=T0+T0=T0=0= N (T) # 0.
Example 2.19 (Differentiation). Let X be the space of polynomials on [a,b]. Then define
T:X %X

Txz(t) = %l‘(t)

Example 2.20 (Integration). Let X = Cfa,b]. Then define T': X e x by

Ta(t) = / " ()ds.

into

Example 2.21 (Multiplication). Let X = C|a,b]. Then define T': X — X by
Txz(t) = tx(t).
Example 2.22 (Matrices). Let A = (a;;). Then define T': R™ — R” by
Tx = Ax.
Theorem 2.23 (Range and Null Space). Let T be a linear operator.

1. R(T) is a vector space.
2. If dimD (T) =n < oo then dimR (T) < n.
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3. N (T) is a vector space.

Proof. 1. Let y1,y2 € R(T) and let o, 3 be scalars. Since y1,y2 € R(T), 3 x1,29 €
D(T) s.t.
Tx1 =1y

Txo = ys.
Since D (T) is vector space, axi + fxe € D(T), so
T(aazl + ﬂl‘g) eER (T) .

But
T(oxy + Bxg) = aTxy + BTxs = ayy + Bys

means R (T') is a vector space.
2. Pick n + 1 elements arbitrarily in R (7). Then we have
y=Tx;, Vi=1,...,n+1

for some {xy,...,zp41} in D(T). Since dimD (T') = n, this set must be linearly
dependent. Similarly, the points in the range are also linearly dependent. Therefore,
dimR (T) < n.

3. Let w1, 290 e N (T), ie. ,Txy = Txy =0, and let «, 3 be scalars. But then
T(axy + Brs) = aTxy + BTry = 0= axy + fre € N (T).

Therefore N (T') is a vector space.

The next result shows linear operators preserve linear independence.

Definition (Injective (One-to-one)). T : D(T) MO Y s injective (or one-to-one) if

V1,29 € D(T) s.t. x1 # x2
T.Tl 75 T.TQ.

Equivalently,
Txy =Txo = x1 = x9.

So therefore if T : D (T) 23 Y is injective then 3 7' : R (T) 22 D (T)
Yo — Zo
yo = Txzg

and therefore
T 'Te=x, VaxeD(T)

TT 'y=y, VyeR(T).
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nto

Theorem 2.24 (Inverses). Let X, Y be vector spaces and T : D (T) — Y be linear with
D(T)C X and R(T) CY.

1. T R(T) L8 D(T) exists iff Tx = 0= x = 0.

2. If T~ exists then it is linear.

3. If dimD (T) =n < 0o and T~ exists then dimR (T') = dim D (T').
Proof.

1. Suppose Tx = 0=z = 0. Then

Try=Txy = T(x; —22) =0= 21 = X9
So T is injective T~ exists.

Conversely, if T~ exists then Tx1 = Txo = 11 = x2. Therefore

Tr=T0=0=2=0.

2. We assume that T~' exists and show that it is linear in a straightforward fashion.
3. It follows from the earlier result applied to both T and T~'.
O

Theorem 2.25 (Inverse of Product (Composition)). Let T : X — Y and S :Y — Z be
bijections. Then (ST)™': Z — X exists and

(ST) ' =T'5".

2.4 Bounded and Continuous Linear Operators
Definition (Bounded Linear Operator). Let X,Y be normed spaces and T : D(T) Intg
Y,D(T) C X. Then T is said to be bounded if 3 k > 0 s.t.

|Tz|| < k|z||, Vo eD(T).
Definition (Induced Operator Norm). Let X,Y be normed spaces and T : D (T) inbo
Y,D(T) C X. Then the norms on X,Y induce a norm for operators

Tx
|T|| = sup I 7]
ven(r) |||

z#0

Equivalently,
T = sup |Tz|.
zeD(T)

llzl=1
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The preceding definition implies that
[Tl < ([T[ ], V.

Example 2.26 (Differention is Unbounded). Let 7' : C[0,1] — C][0,1],be defined by
Txz(t) = '(t). Then T is linear but unbounded. Indeed, let ,(t) = t*. Then |lz,| = 1
and ||T'z,| = n, i.e., T is not bounded.

Example 2.27 (Integration is Bounded). Let T : C[0,1] — C[0,1],k € C[0,1]?, y = Tz
via

1
y(t):/o k(t,7)x(T)dT.

Since k is continuous, 3 kg > 0 s.t.

|k(t, )] < ko.
So then
lyl = |ITz]
1
< max / (e, 7)) |(8)]| dr
tE[O,l] 0
< kol

Theorem 2.28 (Finite Dimension). Let X be normed and dim X = n < co. Then every
linear operator on X is bounded.

Proof. Let eq,...,e, be a basis for X and let € X be arbitrary and represented as

n
xTr = ZO[Z‘GZ‘.
i=1
Then
n n
Izl =[], oot < k3l
1=

oI Tes]. Also,

" 1
Z\ai\ < [l -
=1

where k = max;—1

77777

It follows that T is bounded.

Next, we illustrate a general method for computing bounds on operators.
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Example 2.29 (Calculating Bounds on Operators). Let

=) G

=1

Then

1Tz =

n
ZfiTei
=1

n
Z &l [ Tesl]
i=1

n
< T Z .
< kfi?.’fn” er|l 2 &

IN

Then using Theorem 2.9 we can conclude

Z gzez > Z ‘61

|$H =

which implies

1
Il < 5 llol| where y = — max |Te|.

=L..,n

mto

Definition (Continuity for Operators). Let T' : D(T) — Y. Then T is said to be

continuous at xo € D (T) if
Ve>03d>0st. |z —xof| <d=||Tx—Txol <e.

T is said to be continuous if it is continuous at every xg € D (T).

Theorem 2.30 (Continuity and Boundedness). Let X,Y be vector spaces D (T') C X, and
T:D(T)— DY be linear.

1. T is continuous iff T' is bounded
2. T is continuous at a single point = T is continuous everywhere
Proof.

1. The case T' = 0 is trivial. Assume T # 0, then ||T'|| # 0. Suppose T is bounded and
let 9 € D(T),e > 0 be arbitrary. Then because 7' is linear, V z € D(T) s.t

€
|z — xo|| <0 = —
1T
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we have that
[Tz —Txo|| = [|T(x — xo)|| < T[]z — zoll < [|T]|6 =e.
Therefore T is continuous.

Conversely, suppose 7' is continuous at zo € D (7). Then Ve >036 > 0 s.t.
|z —zo|| <0 = ||Tx — Txo|| <e.

So choose any y € D(T'),y # 0 and set
xr =x9+ (5i
lyll

Then

v — 20 =01 = |lz — x| =6,

[yl
SO

[Tx —Txoll = [|T(x— o)l

0
I (o)l
[yl
1)
= 17yl
[yl
< e
Therefore we have -
Tyl < eyl where e = <.
2. Above we only used continuity at a single point to show boundedness. Boundedness
implies continuity.
O
Corollary 2.31. Let T : D (T) Y be a bounded, linear operator. Then
1. (xy) cD(T),2€D(T) and xyy — x = Tz, — Tx
2. N (T) is closed.
Proof. 1. | Tz, — Tz|| = ||T(xn — )| < || T||||zn — x| — O
2. Ve e N(T) 3 (z,) CN(T) st.

Ty — = Tx, — T,.

But @, €e N(T) = Tx, =0, Vn =Tz =0 =z € N(T). Therefore N (T) is
closed.
U
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Compare to the notion of subadditivity (triangle inequality).
Remark 2.32 (Operator Norm is Submultiplicative).

1S < (TS|

2. |l < 17|

Remark 2.33 (Equality of Operators). Two operators T, S are said to be equal and we
write T = S if
D(T)=D(S) and Tx =Sz, Vx e D(T).

into

Definition (Rescriction). Let T: D(T) — Y and let B C D (T'). We define the restric-

into

tion of T' to B, denoted T'|p: B — Y, as

T\px =Tz, Vx € B.

Definition (Extension). Let T : D (T) % Y and D(T) C M. An extension of T is
M2y s,
Tlp(T)=T
Te=Tz, ¥YzeD(T).

Theorem 2.34 (Bounded Linear Extension). Let D (T) C X, X a normed space, Y a
Banach space, and T : D(T) % Y be linear. Then there is a unique bounded, linear

extension T of T' s.t.

7]} = i

Proof. Let x € D(T). Then 3 (z,) € D(T) s.t. &, — z. Since T is linear and bounded
we have
[Twn — Tal| = T (zn — )| < [T |20 — x|,

so (T'zy) is Cauchy. Since Y is Banach, (T'z,) converges, say
Tx, —yeY.

In this way, we define

~

Tx =y.

Because limits are unique, 7" is uniquely defined V z € (T'). Of course T inherits linearity
and X
Te=Tx, Ve eD(T)

so T' is a genuine extension.
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Finally, we need to show T is bounded. Note
[T || < [T llznl

and recall
T ||z

is continuous. Therefore Tx, — y = Tz and

|72] < 2l 2.

Therefore 1" is bounded and HTH < |IT"||. By definition,

7| > 17l so0

=1

2.5 Linear Functionals

Definition (Linear Functional). A linear functional f is a linear operator with D (f) C X
where X is vector space and R (f) C K where K is the scalar field corresponding to X (R
or C). Then

f:D(f) 2 K.

into

Definition (Bounded Linear Functional). Let f : D(f) — K be a linear functional.
Then f is said to be bounded if 3 ¢ > 0 s.t.

[f@) <cllzl, VeeD(f).

Definition (Norm of a Linear Functional). Let f be a linear functional. Then

17 = s 2@ g r@l,
zen(r) || 2| €D(f)
x#0 [[z]|=1
SO
F@)] < Il

Theorem 2.35 (Continuity and Boundedness). Let f be a linear functional. f is contin-
uous iff f is bounded.
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Example 2.36 (Dot Product). Let a € R,a # 0 be fixed and let f : R™ — R be defined
as

f(z)=x-a.
Then f is linear functional and
[f(@)] < [l flall -
On the other hand, if we take z = a
[f(@)] = llal® = 1 £]l = lla] -

Example 2.37 (Integral). Define f: Cla,b] — R by

Then
@) < (—a)l=.
Further, if x =1
[f@)]=b—a=|fll=b-a.

Example 2.38 (Point Evaluation). Let ¢y € [a, b] be fixed and define f : C[a,b] — R by
fx) = x(to).

Choosing the sup-norm, we see

[f (@) = [a(to)| <[]l

and since f(1) =1 = ||1]|, we have
1]l = 1.
Example 2.39 (Point Evaluation in £2). Let f: £2[a,b] — R by
f(x) = x(a)

Choose the £2 norm, and let x € £2[a, b] be such that z(a) = 1 but then x rapidly decreases

to 0. Then f(x) =1 but
SN
o]l = ( [ 1oy dt)

and for any € > 0 we can choose an x such that ||| < e. Therefore there is no such
c> 0 s.t.
[f@)]=1<clz|.

So point evaluation in this space with this norm is unbounded.
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Example 2.40 (Inner Product in ¢?). Fix a € ¢? and define f : /2 — R by

f(z) = inai = (z,a).
i=1
Then

|/ ()]

IN

o0
E |z;ai]
i=1
o0 o0
2 2
Z L Z a;
=1 =1

= [l lall-

IA

Definition (Algebraic Dual). Let X be a vector space. Then we denote X* as the space
of linear functionals on X. X** represents the dual of X*, et cetera.

‘ Space ‘ General Element ‘ Value at a Point ‘

X x n/a
X f f(x)
X g 9(f)

Definition (Isomorphism = Bijective Isometry). Let X, Y be vector spaces over the same
scalar field K. Then an isomorphism 7" : X — Y is a bijective mapping which preserves
the two algebraic operations of vector spaces, i.e.

T(ax + By) = oTx + BTy.

So T' is a bijective linear operator and we say X,Y are isomorphic.
If in addition X,Y are normed spaces, then T" must also preserve the norms

]| = || T[]
We can obtain g € X™** picking a fixed z € X and setting
9(f) = g:(f) = f(z), ¥V f € X™.
This g is linear, and =z € X = ¢, € X™*.

Definition (Canonical Mapping/Embedding). Define C': X — X** by
T gy

Then C is injective and linear. Therefore C' is an isomorphism of X and R (C) C X**.
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An interesting and important problem is when R (C') = X**, i.e., X, X** are isomor-
phic.

Definition (Embeddable). Let X, Y be vector spaces. X is said to be embeddable in Y if
it is isomorphic with a subspace of Y.

From Definition 2.5 we can see X is always embeddable in X**. (' is also called the
canonical embedding of X into X**.

Definition (Algebraic Reflexive). If the canonical mapping C' is surjective (and hence
bijective) then
R(C)=X™

and X is said to be algebraically reflexive.

Problem 13. If Y is a subspace of a vector space X and f is a linear functional on X such
that f(Y) is not the whole scalar field K, show

fly)=0,VyeY.

Solution. Suppose that f(y) = b # 0 for some y € Y. For arbitrary a € R we have jy € Y
and f($y) = a. It follows that f(Y) = R; a contradiction. O

Problem 14. Let f # 0 be a linear functional on a vector space X, and let g € X — N (f)
be fixed. Show that every € X has a unique representation

x=axo+y, somey N (f).

Solution. Let f # 0 and consider 29 € X — N(f). Then f(zg) =c¢ # 0. Let a = f(z) =
f(%mo). It follows that x — Sxo € N(f). We can write

x:gxo—l—y,Wherey:a:—gxoeN(f).
c c

2.6 Finite Dimensional Case

Let X,Y be finite dimensional vector spaces over the same field K, and let T': X — Y be
a linear operator. Let E = {e1,...,e,},B = {b1,... by} be bases for X,Y respectively.
Then z € X and y =Tx € Y and Te; € Y, V k have the unique representations

n

r = kaek
k=1
n

Ter, = Y Tirbi
i=1
n

y = an‘bi-
i—1
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Then calculate

y = Tx

=T (Z §k€k>
k=1

= ) &Tex

k=1

which implies
y=>Y_nbi = > & (Z Tikbi>
i=1 k=1 \i=l
= > ( Tik§k> bi
k=1

=1 =

yielding
n
mi= Y Tikkk-
k=1

So if we label
Tgp = (Tik), T = (§), ¥ = (ni)
then
y=TgBT.

We say Trp represents T with respect to the bases E, B.

Remark 2.41 (Finite Dimensional Linear Operators are Matrices). The above argument
shows that every f.d.l.o. can be represented as a matriz.

2.6.1 Linear Functionals

Let X be a vector space, n = dim X, and let {ey,...,e,} be a basis for X. Label
a; = f(e;).
Then

fl@)=f (Z £iei> = &G
i=1 i=1

(f is uniquely determined by its values «; at the n basis vectors of X).
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Definition (Dual Basis). Define fj by

fr(e)) =6, VE=1,...,n.
Then
bij

{fl,...,fn}H{el,...,en}.

Theorem 2.42 (Dimension of X*). Let X be a vector space, n = dim X, and let E =
{e1,...,en} be a basis for X. Then {f1,..., fx} is a basis for X* and dim X* = n. So
then if f € X* then we can represent

n
f= Z @i fi-
i=1
Proof. See Theorem 2.41. O

Lemma 2.43 (Zero Vector). Let X be a fdvs. If o € X has the property that f(xg) =
0,V feX* then xg =0.

Proof. Let {e1,...,e,} be a basis for X and let

n
o = E oi€i-
i=1

Then "
f(@o) = waai-
i=1
By assumption f(zg) =0,V fe X* =&, =0, Vi=1,...,n. O

Theorem 2.44 (Algebraic Reflexivity). A fdvs X is algebraically reflexive, i.e., X is
isomorphic to X**.

Proof. By construction C' : X MO X+ is linear. Then

Cxo = 0= (Cxo)(f) = guo(f) = f0) =0, V f € X

and therefor xy = 0 by the previous lemma. Therefore C' has an inverse C~' : R (C') — X.
Therefore dimR (C) = dim X. Therefor C' is an isomorphism and X is algebraically
reflexive. O

Problem 15. Find a basis for the null space of functional f : R3 — R given by
f(x) = ar& + a2ds + asés

where a; # 0.
Solution. Let (a1, a9, as3) with ay # 0 be a fixed point in R? and let f(z) = Y a;x;. The
vectors (—§2,1,0) and (—£2,0,1) form a basis for N(f). O
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2.7 Dual Space

Definition (B(X,Y)). Let X,Y be vector spaces. Then we define B(X,Y) as the set of
all bounded linear operators from X to Y.

Remark 2.45 (B(X,Y) is a Vector Space). (aS + fT)x = aSz + T«

Theorem 2.46 (B(X,Y) is a Normed Space). Let X,Y be normed spaces. The vector
space B(X,Y') is also a normed space with norm

Tx
7 = sup 120 = s 7).
z€X ||1‘H z€X
z#0 llzll=1

Theorem 2.47 (B(X,Y) is a Banach Space). If in the assumptions of the previous proof
Y is Banach, then B(X,Y') is also a Banach space.

Proof. Let (T},) be an arbitrary Cauchy sequence in B(X,Y’). Then
Ve>03INst. [T, —Tnl| <e, Vm,n>N.

Therefore V x € X, and m,n > N

|Thr — Tnz|| = [[(Th — Tin)||
< |Tn = Tl |||
< ellz].

So fix z € X. Wesee Vz € X that (T,z) C Y is Cauchy. Y is complete so Jy €
Y s.t. T,z — y. We need to construct a limit for (7,,). Define T : X — Y by

Tx =y.
By construction, T is linear
lim T, (cx + py) = lim (aT,z+ BT,x)
n—oo n—oo
= o« lim Tpxz+ 8 lim T,z
n—oo n—oo
= olx+ (Tx.

The following

| The —Tz|| = ||Thx— lim Tma:H

m—00

lim ||T,x — Tz
m—0oo

IN

e [l=|
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implies that T,, — T is bounded. Since T}, € B(X,Y) = T, is bounded and
T=T,— (T, —T)

T is also bounded. Therefore T' € B(X,Y).

Finally,
Tz — Tz

<e¢
[zl

implies
T, —T| <e=|T,—T]| — 0.
O

Definition (Normed Dual Space X’). Let X be a n.s.. Then the set of all bounded linear
functionals on X constitutes a n.s. with norm

1511 = sup S — s 10
20 lzll=1

This is the normed dual of X.

Theorem 2.48 (X’ is a Banach Space). Let X be a n.s. and let X' be the dual of X.
Then X' is a Banach space.

Proof. See Theorem 2.47. O

Example 2.49 (R™). The dual of R™ is R™.
Proof. We claim R™ = R™ and V f € R™ we have

So then

which implies
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So take the onto mapping from R™ to R"

[ a=(a)=(f(ex))

which is norm-preserving, linear, and a bijection (an isomorphism), which completes the
proof. O

Problem 16.

1. Show ¢ = ¢

2. Showép’zéqwhere1<p<ooand%+%:1
Solution.

1. A Schauder basis for ¢! is (ej), where e; = (0x;). Then every x € ¢! has a unique
representation
[ee]
T = Z &re.
k=1

We consider any f € ¢, where ¢* is the dual space of ¢'. Since f is linear and
bounded,

f@)=> & , where v = f(ex).
k=1

It is easy to see that (yg) € €.
On the other hand, for every b = (f) € £°°,

g(x) = &Bx , where x = (&) € !
k=1

is a bounded linear functional on ¢!, i.e., g € v,
It is also easy see that || f|| = ||¢||co, Where ¢ = (1) € £°°. It follows that the bijective
linear mapping of ¢ onto ¢*° defined by f — ¢ is an isomorphism.

2. Take the same Schauder basis and representation for x and f as in 1. Let ¢ be the
conjugate of p and consider x, = (£, ) with

q
§I<€H>:M,ifk:§nand’yk#07

Tk

and

,(gn)zoifk:>nor7k:0.
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Then we have

Fn) =S My =3 hel” < 171 Iel9)7
k=1 k=1 k=1

. 11
Usmgl—}—?—qweget

3" w9 < 17
k=1

Since n is arbitrary, letting n — oo, we obtain
> 1
O Il < I£1,
k=1

and therefore (y;) € 9.
Conversely, for any b = () € ¢¢ we may define g on /P by

g(x) = Zikﬂk , where z = () € /P,
k=1

Then g is linear, and boundedness follows from the Holder inequality. Hence g € ¢7'.
From the Holder inequality we get

F@) < 12l ).
k=1

It follows that || f|| = ||c[lq, where ¢ = (v) € ¢4 and v, = f(ex). The mapping of
%" onto ¢ defined by f ~— ¢ is linear, bijective, and norm-preserving, so it is an
isomorphism.

O
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3 Hilbert Spaces

Definition (Inner Product). Let X be vector space with scalar field K. (-,;-) : X x X — K
is called an inner product if

L (z4y,2) = (x,2) + (y,2)

2. {azx,y) = a(z,y)

3. (z,y) = (y,z)

4. {(z,z) >0, (z,z) =0iff z =0

Definition (Hilbert Space). A Hilbert space is a complete inner product space.
Remark 3.1.

1. A vector space X with inner product (-,-) has the induced norm and metric:
]l = (2, )
d(z,y) = ||z —yll.
2. If X is real then (z,y) = (y,x).

3. From the definition of inner product, we obtain

(o + Py, z) = alz,2)+ 0y 2)
(r,ay) = @(z,y)
(r,ay+pz) = a(z,y)+p(z,2)
So the inner product is linear in the first argument and conjugate linear in the second
argument.
4. Parallelogram Equality.
2 2 2 2
o+ yl” + e = yll” = 2 (21> + 1911 (5)

Any norm which is induced from an inner product must satisfy this equality.
5. Orthogonality. x,y € X are said to be orthogonal if (x,y) =0 and we write
z Ly
For subsets A, B C X we say A L B if

albVaeAbeB.

39



Example 3.2.
1. R™ with inner product (z,y) = =" y.
2. C™ with inner product (z,y) = x
3. Real £2[a,b] with

4. Complex L?[a,b] with

5. ¢? with inner product
(e}
i=1

Problem 17.
1. Show (P with p # 2 is not a Hilbert space.
2. Show Cla, b] is not a Hilbert space.
Solution.

1. Consider z = (1,1,0,...,0,..) and y = (1,-1,0,...,0,...). Then z,y € ¥ and ||z, =

1
lyll, =27, and ||z+yl|, = ||lz—yl|, = 2. It follows that if p # 2, then the paralelogram
equality is not satisfied.

2. Let 2(t) = £% and y(t) = 1 — £=2. Then we have ||z]| = |jy|| = |z +y| = [z -yl =1
and the paralelogram equality is not satisfied.

O

Problem 18. Show that ||z|| = \/(z,z) defines a norm.

Solution. It follows from the definition of the inner product that ||z|| > 0 and ||z|| = 0 iff
x = 0. Also, we have using the definiton of the inner product that

1 _ 1 1
laz|| = ((ax, ax))> = (aa (z,2))> = (o (z,2))> = |of|2].
Concerning the triangle inequality we get
lz +ylI* = (z +y,2 +y) = (z,2) + (2,9) + (y.2) + (y,9) = [2]* + 2Re (z,y) + [|y|*
< ll® + 2llz [yl + llyl* = =]l + lyl)?,

from which the result follows. O
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Lemma 3.3 (Continuity of Inner Product). If in an inner product space y, — y and
T, — X then

(Tn,yn) — (2,9) .
Theorem 3.4 (Completion). For any inner product space X there is a Hilbert space H

and isomorphism A from X onto a dense subspace W C H. The space H is unique up to
isomorphisms.

Theorem 3.5 (Subspace). Let Y C H with H a Hilbert space. Then
1. Y is complete iff Y is closed in H.
2. If Y is finite dimensional then Y is complete.
3. If H is separable then Y is separable.
Definition (Convex Subset). M C X is said to be convex if
ar+(1—a)ye M, Vae€[0,1],a,b € M.

Theorem 3.6. Let X be an inner product space and M # () a convex subset which is
complete. Then Ve X A ye M s.t.

0= inf [lz —gll = = -yl
Proof.
1. Existence. By definition of inf,
3 (ypn) s.t. 0, — 0, where d,, = ||z — yn| .
We will show (y,) is Cauchy. Write v, = y,, — z. Then |Jv,|| = J,, and

Jon-+vmll = N+ 3 — 221
1
= 2| Jn+ ) o] 22

Furthermore, v, — ym = v, — Uy, =

||yn_ymH2 = an_vaZ
2 2
= —llvn +vmll” + 2([Joall” + lvml)
< —(20)* 4 2(62 + 52).

Since M is complete, y, — y € M. Then ||z — y|| > 6. Also, we have

lz =yl < [z—=yull + lyn —
= On+llyn —yll
— 04+0

therefore ||z — y|| = 4.
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2. Uniqueness. Suppose that two such elements exist, y1,y2 € M and from above,
|z — w1l =0 = [lz — 2]l

By (5) we have

lyi —wel? = |y —2) + (@ — )|
= 2|y —z* +2ly2 — 2l — [|(y1 — 2) + (y2 — 2)|°
1 2
= 207 +20% — 2 S +y2) -z
< 0
since )
2 1 2
2 §(y1—|—y2)—x > 40

Therefore y; = ys.
O

Lemma 3.7 (Orthogonality). With the setup of the previous theorem, z = x —y is orthog-
onal to M.

Proof. Suppose z | M were false, then 3 w € M s.t.
and so w # 0. For any «,

|z —aw|® = (z-ow,z—aw)
= (2,2) —a(z,w) — a[(w,z) —a(w,w)]

= |2?—ap —al8-a(w,w)].

If we choose

a = B
(w,w)’
and continue the equality above,
2
e —aw? = 8- o
(w,w)

< 6

contradicting the minimality of y, . Therefore we must have z 1. M. O
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Definition (Direct Sum). A vector space X is said to be direct sum of subspaces Y and
Z, written
X=Yaz

it Vee dlyeY,ze Zst.
r=vy-+z.

Definition (Orthogonal Complement). Let Y be a closed subspace of X. Then the or-
thogonal complement of ¥ in X is

Yit={2eXst 2z LY}
Theorem 3.8 (Direct Sum). Let Y be a closed subspace of H. Then
H=Y &Y™ .
Proof.

1. Existence. H is complete and Y is closed implies Y is complete. Further, we know
Y is convex. Therefore Vo € H dy €Y s.t.

r=y+z, where z € Y.

2. Uniqueness. Assume z =y + 2z = y; + z1. Then
y—y ey
zZ—2z1 € yt.
But YNYt ={0}=y—y1=2—2 =0.
O

Definition (Orthogonal Projection). Let Y be a closed subspace of H,so H =Y @ Y+,
and let
r=y+z

yey
zeYt
Then the orthogonal projection onto Y is P: H — Y given by
Pzr =y.

Clearly P is bounded. Further P is idempotent, that is, P? = P, which we call idempo-
tent.
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Definition (Annihilator). Let X be an inner product space and let M be a nonempty
subset of X. Then the annihilator of M is

Mt={zreXst.zlM}={zreXst (z,0)=0YveM}.

Theorem 3.9. Let M, X be as the definition above and denote (M*)+ = M++. Then

1. Mt is a vector space.

2. M* is closed.

8. M C M+t
Theorem 3.10. If M is a closed subspace of a Hilbert space H then

M+ =M.
Lemma 3.11 (Dense Set). Let M # () be a subset of a Hilbert space H. Then
span (M) = H iff M+ = {0}

Proof.

1. =. Assume z € M,V = span (M) is dense in H. Thenz € V = H = 3 (x,) C
Vst x, — x. Now 2 € M+ and M+ L V = (x,,2) = 0. But (-,-) is continuous
=(zp,z) — (z,7) =0 =2 =0 = M+ = {0}, since x € M+ was arbitrary.

2. <. Suppose M+ = {0} and write V = span (M). Then
zlV = 1l M

= xeMt
= =0
= vi={0
= V=H.

U
Definition (Orthonormal Set/Sequence). M is said to be an orthogonal set if V z,y € M
x#y={(x,y) =0.
M is said to be orthonormal if V z,y € M

<~T7y>:5$y:{ 0 x#y

1 2=y

If M is countable and orthogonal (resp. orthonormal) then we can write M = (z,,) and we
say (zy) is an orthogonal (resp. orthonormal) sequence.
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Remark 3.12 (Pythagorean Relation, Linear Independence). Let M = {x1,...,z,} be an
orthogonal set. Then

1.

2 n
2
= llzill*
i=1

2. M 1is linearly independent.
Example 3.13 (Orthonormal Sequences).
1. {(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1,0),(0,...,0,1)} C R.
2. (en) C 02 where e, = ;.
3. Let X = C[0,2n] with (z,y) = [>" 2(t)y(t)dt. Then the functions
(sinnt),n=1,2,...,(cosnt),n=0,1,2,...
form an orthogonal sequence.

Remark 3.14 (Unique Representation with Orthonormal Sequences). Let X be an inner
product space and let (ex) be an orthonormal sequence in X, and suppose x € span ({e1,...,en})
where n is fived. Then we can represent

~So =+ e[S )

k=1
n

= = (x,er) eg.
k=1

Now let x € X be arbitrary and take y € span ({e1,...,en}), where

n

Y= Z (x,er) ek.

k=1

Define z by setting x =y + z = z L y because

—_~

T —y,y)

z,9) = (,9)
2 [ @ e ex] ) =yl

(z, <x ex) ex) — llyll®

(z,er) (x,ex) Z\xek

(2,9)

—_~

Il
S

I
‘OMM



Then

2 2 2
= ]l = llyll” + =]l
2
= 121l = llz* = > Iz ex)]
2 2
= ke en)|” <zl

2 2
= Yo @ en)” <z

Remark 3.15 (Bessel’s Inequaltiy). Let X be an inner product space and let (er) be an
orthonormal sequence in X. Then the last inequality in the above remark is called Bessel’s

Inequality:
o
D laen)” < .
k=1

Definition (Fourier Coefficients). The sequence ((z,ex)) is called the Fourier coefficients
of z w.r.t. (ex).

Problem 19 (Fourier Coefficients are Minimizers). Let {e,,...,e,} be an orthonormal set
in an inner product space X (n is fixed). Let x € X be an arbitrary, fixed element and
let y = > ;4 Brex. Then ||z —y|| depends on f3i,...,B,. Show by direct calculation that
|z — y|| is minimized iff §; = (z,e;), Vi=1,...,n

Solution. Let v; = (z,e;), and y = Y f;e;. Then
lz —yl|* = <33 —> B, — Zﬁi€i> = lz* =D " Bivi— > By + > I8l
= [l =Y lul> + > 18— wl?

and this is minumum for given x and ¢;s iff 8; = ;. O

Problem 20 (Gramm-Schmidt). Orthonormalize the first three terms of the sequence (1,¢,¢2,¢3,...)
on the interval [—1, 1] where

1
(z,y) = /_ x(t)y(t)dt.

1

Solution. Let fi(t) = 1, then e;(t) = ||£E3|| = % Let fao(t) = t. We have that

(fa(+),e1(+)y = 0, so we just need to normalize fo(t) to get ex(t) = \/gt. Let f3(t) = t2.
Easy calculation shows that (f3(-),e1(:)) = i and (f3(-),ea(-)) = 0. Then f3(t) =
(f3(),e2()) ea(t) = t* — 1. Normalizing this quantity we get e3(t) = \/§(3t2 —1). O
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Theorem 3.16 (Convergence). Let H be a Hilbert space and let (e,) C H be an orthonor-
mal sequence. Consider
o
3 aer. )
k=1

1. The series (6) converges in the induced norm of H iff
[e.e]
Z |lag)? < o0.
k=1

2. If (6) converges to x, then oy, = (z,ex) and

T = (x,ep) eg.

oo
k=1

3. For any x € H the series (6) with ay = (x, ex) converges (in the norm of H).

Proof. Let
n
Sno= > apen
k=1
n
2
On = Z|ak‘ .
k=1

1. Forn >m

n 2
||5n_5mH2 = Z Qe
k=m+1
n
= D el
k=m+1
= Op— Om-
Hence (sy,) is Cauchy in H iff 0,,) is Cauchy in R.
2. Note (sp,e;) =a;, Vi=1,...,k <n. By assumption s,, — x, so
=a;, = (sp,e)— (zr,e), fori <k

= Q4

(r,e;) Vi=1,2,...
3. This follows from Bessel’s inequality and 1.
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Definition (Total Set). Let X be an inner product space and let M C X.
1. span (M) = X = M is a total set.

2. If M is an orthonormal set then M is a total orthonormal set.
Remark 3.17.

1. A total orthonormal family in X is sometimes called an orthonormal basis for X.
Note this is not equivalent to an algebraic basis unless X is finite dimensional.

2. In every nontrivial Hilbert space H # {0} there is a total orthonormal set.

Definition (Hilbert Dimension). The Hilbert dimension of X is the cardinality of the
smallest orthonormal set, i.e., if A = {M s.t. span (M) = H } then the Hilbert dimension
is

inf |M].

MeA
Problem 21. Let X be an inner product space and let M C X. Then

1. If M is total in X then
rl M=zx=0 (7)

2. If X is complete, then (7) =M is total in X.

Solution. 1. Let H be the completion of X. Then, X regarded as a subspace of H, is
dense in H. By assumption, M is total in X, so spanM is dense in X, and dense in
H. Tt follows that the orthogonal complement of M in H is {0}.

2. If z is a Hilbert space and M+ = {0}, then the Dense Set Lemma implies that M is
total in X.
O

Problem 22. Show that an orthonormal set M in a Hilbert space H is total iff

Sz en)? = lall?, ¥z € M.
k

This is called Parseval’s equality.

Solution. If M is not total, by Problem 21 there is a nonzero 1 M in H. Since x | M
we have 0 on the left-hand side of Parseval’s Equality which is not equal to ||z||. Hence if
Parceval’s Equality holds for all x € H, then M must be total in H.

Conversely, assume M to be total in H. Consider any x € H and its nonzero Fourier
coefficients arranged in a sequence, i.e., (x,e1), (z,e2),...,. Define y = > (z,er)er. It
follows that « —y € M. Since M is total, then = = y. O
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Theorem 3.18 (Separable Hilbert Space). Let H be a Hilbert space.
1. If H is separable then every orthonormal set is countable.

2. If H contains an orthonormal sequence which is total then H s separable.

3.1 Representation of Functionals on Hilbert Spaces

Theorem 3.19 (Riesz). Let H be a Hilbert space. Every bounded, linear functional on H
can be represented in terms of the inner product on H, i.e.,

flz) = (2,2)
where z is uniquely determined by f and
Izl = 1IF1l-

Proof.

1. Existence of z. If f = 0 take z = 0. Otherwise assume f # 0. Then N (f) # H and
N (f) £ H =N (f)* #{0}. Let we N (f)* s.t. w# 0 and set

v=f(z)w— f(w)z, x € H.
Then

= [(v) = [f@)f(w) = f(w)f(x) =0
= veN(f).

Since w L N (f) we have

£(@) (w,w) — F(w) (2, w)
= @) ol — fw) (. w)
Then
S @) = m (. w)
L Ty,
= (@) <’<||w||2> >
Then

:mw

49



2. Uniqueness of z. Suppose f(x) = (x, z1) = (x, 2z2). Then
= (r,21 —22) =0, Vo € H.
Choose © = z1 — z9. Then

= <Zl—22,21—2’2>:0

= 21 = 29.
3. Ifll = |lz]|- If f =0 then z =0 and ||f|| = ||z|]| = 0. For f # 0, z # 0. Note

fz) = (22)

= 2%, and

111z

<
= llzll < [IfIl.

Also
f(@)] = [z,2)]
< iz =]l
= IfIl < .
This yields
I £1l = [l -

Lemma 3.20 (Equality). Let X be an inner product space. Then
(x,w) = (y,w) YVwe X =z=uy.

In particular,
(r,w)=0VweX=z=0.

Definition (Sesquilinear Form). Let X,Y be vector spaces over the same scalar field K
(R or C). A sesquilinear form (or sesquilinear functional) h on X x Y is a mapping

h: XxY —=K

such that
Va,x1,20 € X and y,y1,y2 € Y and o, f € K

1. h(djl + $27y) = h(xluy) + h(.’EQ,y)
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2. h(fﬁ',?/l + 92) = h(l‘,yl) + h(xva)
3. h(az,y) = ah(z,y)

4. h(z, By) = Bh(z,y)
Remark 3.21.
1. If X, Y are real (K =R), then
h(z, By) = Bh(x,y)
and h is said to be bilinear.
2. If X, Y are vector spaces and 3 c € R s.t.
ha.y)| < cllel Iyl ¥ oy

then h is bounded and

Az, y)|

[hll = sup
w20 [|l]| |y
y#0

= [h(z,y)l < Al ]l

Theorem 3.22 (Riesz Representation). Let Hy, Ho be Hilbert spaces and
h:Hy x Hh — K
a bounded sesquilinear form. Then h has a representation
h(z,y) = (Sz,y)
where S : Hi — Hs is a bounded, linear operator. S is uniquely determined by h and
151 = [IA]l-
Proof.

1. Existence of S. Consider h(z,y) which is linear in y. If we fix an z, then h(z,y) is a
bounded, linear functional and we can use the Riesz theorem to find z and represent

h(x,y) = <Z/, Z> )
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hence

h(z,y) = (z,y) - (8)
Note that z is unique, but it depends on 2z € Hy. This means that (8) with variable
x defines an operator S : H; — Hs given by

z=Sx,

and we write
ha,y) = (z,y) = (Sz,y).
We must show S is linear. Observe
(S(awy + Bxa),y) = h(awy + Bra,y)
= ah(z1,y) + Bh(x2,y)
= a(Sz1,y) + B(Sz2,y), Vy € Hy
= S(axy + fre) = aSzy+ BSzs.

2. Uniqueness of S. If h(x,y) = (Sz,y) = (T'z,y), then S = T by the equality lemma.
3. Boundedness of S. Note first

S,
hl = sup 022
=20 ||z [y
y#0
s (525
= 2 Nellsal
Sxz#0
s
x7#£0 HxH
=[Sl
= Al > |IS].
So S is bounded. Also
S,
h = sup Bl
=20 ||zl |yl
y#0
< o 1520181
5 Tl vl
y#0
_ o lse
o x7#0 H$H
=[Sl

= [|all < [IS].



This yields
I1S1I = I~ -

O

Problem 23. Let H be a Hilbert space. Show that H' (the dual of H) is a Hilbert space
with inner product (-,-); defined by

<fZ7f’U>l :W: <U7Z>7

where
f(z) = (2,2)
folz) = (2,0)
Solution. It is easy to verify that (-,-); is an inner product on H'. Since ||f.|| = ||z|| =

((z,z))% = ((fz,fzh)% the norm on H' is induced by the inner product (-,-);. We know
that the normed dual is always a Banach space. It follows that H' is complete, and therefore
a Hilbert space. O

Problem 24. Show that any Hilbert space H is isomorphic with its second dual, i.e.,
H<=~H'Y =H"

Solution. Let T : H — h" by z — F,, where F, : H — K is defined by F.(f) = (f, fa1s
where (-,-); and f, are the same as in Problem 23. By repeated applications of the Riesz
representation theorem we have that F(f) = (f,g), for some g € k' and g = f, for some
z € H. It follows that T is surjective.

Suppose that z,w € H and F, = F,,. Then (f, f.); = (f, fu); for all f € H' and we
get that f, = f, and z = w. Therefore, T' is injective.

It is easy to see that T is linear.

Also, by the Riesz representation theorem we have that ||F.|| = ||f.]| = ||z, ie, T
preserves norms, and inner products. It follows that 71" is an isomorphism. ]

3.2 Hilbert Adjoint

Definition (Hilbert Adjoint 7%). Let Hy, Hy be Hilbert spaces and let T': Hy — Hs be a
bounded, linear operator. Then the adjoint is 7 : Hy — H; s.t.

(Tz,y) = (x,T"y), ¥ o € H and x € Hs.
Theorem 3.23 (Existence of the Hilbert Adjoint).

1. T* exists.
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2. T* is unique.

3 NT*{F = NIl

Proof. Observe that h(y,z) = (y, Tz) is sesquilinear form on Hs X Hj.

= [h(z,y)]
= [|7]
Also
Ipll =
>
= [|A] z

Therefore h is a bounded sesquilinear form.
where T™ exists, is unique with norm

1T =
Also

= (y,Tz)
= (Tz,y)

Lemma 3.24 (Zero Operator). Let X,Y
bounded, linear operators. Then

1. Q=0 1iff (Qz,y) =0V zxz € X andy
2. Let X be complex and @ : X — X.

Iyl 17|

T[] Iy
T[] -

IN N CIA

T
supKy’ )|
=20 [yl [zl
y#0

[(Tz, Ta)|
SUp =
o0 || T]| ]

;z;éo
17|
T[] -

Using a Riesz representation, h(z,y) = (I""y, x)

1Al = 11T -

= (T"y,z)
= (z,T"y).

O

be inner product spaces and QQ : X — Y be

ey

Then

(Qr,z) =0V ze X =Q=0.

Proof.
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Q=0 = Qr=0VzeX

(Qr,y) =0V z,y = Qr=0Yaxy
= @Q=0.

2. Let x,y € X, then v = ax +y € X. Then

(Qu,v) = (Qu,z)=(Qy,y) =0
=
0 = (Qloz+y),az+y)
= o (Qz,2) + (Qy.y) + a (Qz,y) + T(Qy, x)
= a(Qx,y) +a(Qy,x).

Now, take o = 1 then a = i to obtain the two relations

(Qz,y) +(Qy,x) =
<Q$7y>_<Qy7$> = 0

Then (Qz,y) =0=Q =0 by 1.

Remark 3.25. In the previous lemma, 2 is not necessarily true if X is real.

Theorem 3.26 (Properties of The Hilber Adjoint). Let Hy, Hy be Hilbert spaces. Let
S, T : Hi — Hs be bounded, linear operators and let o be a scalar. Then

1. (T*y,x) = (y,Tx)
2. (S+T)* =8 +T*
3. (aT)* =aT*
4. (T =T
57T = |TT*| = ||
6. T"T =0 iff T=0
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7. (ST)* = T*S*, assuming Hy = Hs.
Definition (Self-Adjoint, Unitary, Normal). Let H be a Hilbert space and T': H — H.
1. T is self-adjoint (or Hermitian) if 7% =T
2. T is unitary if T is bijection and T* = T~*
3. T is normal if TT* =T*T
Remark 3.27.
1. If T is self-adjoint then (Tx,y) = (x,Ty).
2. If T is self-adjoint or normal then T is normal.

Example 3.28. Consider C" with (z,y) = 277. Let T : C* — C". If we specify a basis
for C™, we can represent 1, 7" by matrices A, B. Then

(Tz,y) = (Az)"y
— .I‘TATy
(x,T*y) = 2" By.

Therefore

= AT =
=B =

If T is self-adjoint then A = ar

Theorem 3.29 (Self-Adjointness). Let H be a Hilbert space and let T : H — H be a
bounded, linear operator. Then

1. If T is self-adjoint then (T'z,x) is real for all x € H.
2. If H is complex and (T'z, X) is real for all x € H then T is self-adjoint.
Proof.

1. If T is self-adjoint, then for all z € X we have

(Tz,z) = (z,Tx) = (Tz,x) .
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2. If (T'z,z) is real for all z € X, then

(Tz,z) = (Tx,z) = (x,T*z) = (T"x,x) .

Hence
0 = (Tz,z) — (T"z,x)
= (T —T%x,z)
=T = T*

by the zero operator lemma, since H is complex.
O

Theorem 3.30. Let H be a Hilbert space and let (T,,) be a sequence of bounded, linear,
self-adjoint operators T,, : H — H. Suppose that T,, — T in norm, that is ||T,, — T|| — 0,
where ||-|| is the norm on the space B(H,H). Then T is a bounded, linear, self-adjoint
operator on H.

Proof. We show T* =1T.
1T =T < |IT—=Tull + T = T3 + 1T — T
= T =T +0+|T; =T
= 2(|T-T,|
— 0.
O

Theorem 3.31 (Unitary Operators). Let H be a Hilbert space and let U,V : H — H be
unitary. Then

1. U is isometric, i.e., |Uz| = ||z|| V2o € H
2. |U|| =1 provided H # {0}

U= = U* is unitary

UV 1is unitary

U is normal.

S S e

If T is a bounded, linear operator on H and H is complex, then T is unitary iff T
s 1sometric and surjective.

Proof.
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W

lUz|* =

. Follows from 1.

. Since U is bijective, so is U™" and

. UV is bijective and
V) =vur=v1iu'=(UV)"

U =U"andUU'=U'U = 1.

=-. Suppose that T is isometric and surjective. Isometry implies injectivity, so T is
bijective. Need to show T = T~'. By isometry,
(I'"'Tz,z) = (Tz,Tx)

(z,z)
[z, x)

= ((T"T - DNz,x) = 0
=TT = I

Also,

TT* = TT*TT)
= T(T*T)T
= I

Therefore T* = T,

<. Conversely, T is isometric by 1 and surjective by definition.
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4 Fundamental Theorems

Definition (Partially Ordered Set). Let M be a set with a relation <. This relation is
said to be a partial order if

l.a<aVaeM
2.a<bandb<a=a=0
.a<bandb<c=a<ec

We say M is a partially ordered set.

Definition (Upper Bound). Let M be partially ordered set. If Jue M st. z <uVz €
M, then wu is said to be a upper bound. Such a u is not guaranteed to exist.

Definition (Maximal Element). Let M be partially ordered set. If 3 m € M s.t. m <
x=m=uzV x & M, then m is said to be a maximal elemtn. Such a m is not guaranteed
to exist or be unique.

Example 4.1.
1. R with the usual <.

2. The power set P(X) is partially ordered by set inclusion. X is the unique maximal
element.

3. x = (x;),y = (y;) € R" ordered by

r<ysr; <y Vi=1...,n.

4. The positive integers ordered by

x <y <& x|n.
Definition (Chain). Let M be a partially ordered set. A subset C C M is said to be a

chain if a,b € C' = a < cor ¢ < a. lLe., all elements in C' are comparable.

The next statement is equivalent to the axiom of choice. It retain’s its name (lemma)
for historical reasons.

Lemma 4.2 (Zorn’s Lemma). Let M # () be a partially ordered set. Suppose that every
chain C C M has an upper bound. Then M has at least one upper bound.

If we decide to live with the the axiom of choice, we can use Zorn’s Lemma to prove
various important results.
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Theorem 4.3 (Hemel Basis). Every vector space X # {0} has a Hemel basis.

Proof. Let M be the set of all linearly independent subsets of X. Note that M is not
empty:
X#{0}= JzeXst.x#0={z} € M.

Set inclusion gives a partial order on M. Let C' C M be a chain. Then

A=JD

DeC

is an upper bound for C.

With this setup we invoke Zorn’s lemma to force the existence of a maximal element
B. Let Y = span(B) and so Y C X. We want to show ¥ = X. Assume not and let
z € X =Y. Then BU{z} is linearly independent, contradicting the maximality of B. [

Theorem 4.4 (Total Orthonormal Set). In ever Hilbert space H # {0}, there ezists a
total orthonormal set.
Proof. Let M be the set of all orthonormal subsets of H. M is not empty since

X

X#{0}= FreXst.o#0={—} € M

]
Set inclusion gives a partial order on M. Let C' C M be a chain. Then
A=|JD
DeC

is an upper bound for C.

With this setup we invoke Zorn’s lemma to force the existence of a maximal element F'.
We claim this F' is total. To this end, suppose not. Then 3z € H s.t. z# 0 and z L F.
Hence F'U {ﬁ} is orthonormal, contradicting the maximality of F. O

Definition (Sublinear Functional). Let X be a v.s. and let p: X — R. p is said to be a
sublinear functional if

Lop(z+y) <plx)+ply) Vae,yeX
2. plax) =ap(z) Ve e X Vae R, a>0.
Remark 4.5. The norm on a n.s. is a sublinear functional.

Theorem 4.6 (Hanh-Banach (Extensions of Linear Functionals)). Let X be a real v.s.
and let p be a sublinear functional on X. Let f be a linear functional defined on a subspace
Z C X s.t.

flx)<plx)VzeZ
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Then f has a linear extension f 1 Z — X s.t.

fl@) < p@)VaeeX
flx) = fx)VzeZ
Proof.
1. Let E be the set of all linear extensions g of f which satisfy
g(x) <p(x) Vo eD(g).

Then f € E = E # (. We now define the following partial order on E: g < h means
h is a linear extension of g, i.e.

(a) D(g) CD(h)
(b) h(z) =g(zx) Vz €D(g).
Let C be a chain in M. Then we define the maximal element § as follows
(a) D(9) =Uyec D (9)
(b) g(z) =g(x)Vge Cst.xeD(g).

Then g < gV g € C = § is an upper bound for C'. Since C C E was arbitrary,
we invoke Zorn’s lemma to produce a maximal element f. Therefore f is a linear
extension of f.

2. Now we want to show D ( f) = X. In the manner above, assume otherwise and let
y1 €x—D (f) and consider Y; = span ({) D (f) U{yi}}. If z € Y7 then we can

write x =y 4+ ay1,y €D ( f ) (and this representation is unique). Then let us define

a functional g1 : Y7 — R as

~

g1y +ay1) = f(y) + ac

where c¢ is any real constant. Then g; is linear extension of f. If we can show
g1(z) <plx) Yz eD(g)

X.

then g1 € E, which would contradict the maximality of f and imply D ( f)

3. To this end, let us construct a suitable c. Let y,z € D (f) Then

fo)—fz) = fly—=2)

< ply—=2)
= ply+y1—y1—2)
< ply+w1)+p(—y1—2)
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and therefor

s
=

—p(=y1 —2) — f(2) <ply +v1) — f(y)

Note

(a) 1 is fixed
(b) y does not appear on the RHS
(¢) z does not appear on the LHS.

Then we can take SUD, f)’infyep( 7 and call these values mg, mq, respectively.

Then mg < my. Let ¢ be any value such that mg < ¢ < m;. Then

Pl —2) - f(z) <evzeD(])
c<py+m) - fw) vyeD(F).

Now let o € R and consider the cases

(a) a <0.
—p(—yl—éy)—f(éy) < c
ap(—y1 — ~y) + fly) < —ac
=
gi(z) = q(y+ay1)
= fly) +ac
1
< —ap(-y1 — —y)
«

(b) @« =0. Then x € D (f) so g1(z) = f(z) < p(z).
(¢) a>0.

ac

IA
S
=
Q|
<
+
=
|
=
&
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A

gi(x) = fly)+ac
< p(=).

Then g1 € E and we have our contradiction. Therefore f is our bounded linear
extension.
O
Problem 25.
1. Show that the norm on a v.s. X is a sublinear functional on X.
2. Show that a sublinear functional p satisfies p(0) = 0 and p(—x) > —p(x).
Solution.

L. Let p(z) = |lz[|. Then p(z +y) = ||z +y[l < |lz[| + [lyl| = p(z) + p(y). Also, if a >0,
then
plaz) = [laz|| = |al||z]| = af|z|| = ap(z)

. It follows that p is a sublinear functional.

2. X is not empty, 0 € X. Let x € X, then p(0) = p(0z) = Op(x) = 0. Also,
0=p(0) =p(x —z) < p(x) + p(—x). It follows that p(—z) > —p(x).

O

Problem 26. If p is a sublinear functional on a real v.s. X, show that there exists a linear
functional f on X s.t.

—p(=2) < f(x) < p(2).
Solution. Let Z ={x € X : x = ax +0,a € R} and define the linear functional f on Z by
f(x) = ap(xo).

Then f(z) < p(z). By the Hahn-Banach Theorem there exists a f bounded linear func-
tional defined on X such that f(z) < p(z). Clearly, —f(z) = f(—z) < p(z). It follows
that —p(—z) < f(z) < p(x). O

Theorem 4.7 (Hanh-Banach Generalized). Let X be a v.s. over K (R or C) and let p be
a real-valued functional X = s.t.

1. px+y) <p(x)+ply) VryeX

2. plazx) =|a|p(z) Va € K.
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Let Z C X be a subspace and let f : Z — K be a functional s.t.
F@)| <pla) Vo ez
Then f has a bounded linear extension f s.t.
1. D ( f) X
2. fla)=f(z)VareZ
3. (f(g;)‘ <pla)VzeX.
Proof.

1. K=R. Then
£ ()]

<p(x) = f(z) < p(x).
Then by the previous theorem 3 f s.t.

f(l‘) < p(x) Ve X. Also,

SO

2. K=C. X complex =Z complex = f complex =

f=h+ife

where f1, fo are real-valued. We introduce X,., Z, the v.s.’s obtained by restricting K
to R. Now note that f linear on Z and f1, fo real-valued means fi, fo are real-valued
linear functionals on Z,.. Also,

h(z) <|f(@)| = filz) <plz) Ve Z.

Then by the previous theorems 3 fl extension of f1 from Z, to X, s.t.

fi(z) <p(z)VzeX,.

Going back to Z, we observe YV x € Z

if(x) = i[fi(@)+if2(a)]
= fi(iz) +ifa(ix)
= —folz) +ifi(x)
= falx) = —fi(ix)



So then V x € X we define
f(x) = fi(z) — ifi(iz).

Note
fl@)=fx)VaeZ

(a) We claim f is a linear functional on X.

f((a+ib)x)

filax + ibx) — ifi(iax — bx)
- afl(a:)—i—bfl(i:c)—i[afl(ix)—bfl(m)
— (a+ib) [ Filz) —i fl(m«)]

= (a+1ib)f(x)
(b) We claim ‘f(m)‘ < p(z) Vx € X. Recall that p(z) > 0. Then
@) =0= |f@)| < p).
Assume f (x) # 0. We then use the exponential form of f

P

f@) = i)

Then

f@)| = f@e

‘f(x)‘eR:>
@] = fie )
< ple )
= |7 p(x)
= p(z)

Then f is the bounded, linear extension.
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Theorem 4.8 (Hanh-Banach (for Normed Spaces)). Let X be a n.s. and let Z C X be
a subspace. Let f : Z — K be a bounded, linear functional. Then there exists a bounded,
linear functional f which is an extension from Z to X s.t.

1], =12
where
e = sl
il = s 1.

[lzll=1

Proof. 1If Z = {0} then f =0 and f = 0. Otherwise, let Z # {0}. Then Y z € Z we have

lF@) < NFllz Nl
Then define
p(x) < [fliz =l V2 eX.
Notice
piz+y) = lflzlz+yl
< Sl el + 1yl
p(z) +p(y)
plaz) = |flz ozl
= e[ fllz =]
= |a|p(@).

Then we can use the Hanh-Banach (Generalized) theorem = 3 f: X > Ksit.

[F@)] < p(@) = 1l o] Vo € x.

And so
[ = s |f@)] <71

lz][=1

Finally, since f is an extension of f

1], =12

Therefore,

14, = 11z
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Remark 4.9. In the previous theorem if X = H is a Hilbert space and Z C H is a closed
subspace then we can represent f (for some fized z € Z)

flx) = (z,2) VeeZ
A= ll=]
fle) = (z,2) VeeX

Theoren} 4.10 (Bounded Linear Functionals). Let X be a n.s. and let zg € X,x9 # 0.
Then 3 f: X - K s.t.

f
flwo) = Ilzoll
Proof. Let Z C X be the subspace defined as

=1

Z ={z e X|r=ax}.

Then

flx) = flawo)

= allzoll
[f(@)] = [f(awo)]
= lal o
= lloxo
=[]l
= fl = 1

Therefore f has a linear extension f from Z to X with norm
|7] ==

By definition of f and f, f(z¢) = f(z0) = ||lzo]|. O

Problem 27. To illustrate the Hanh-Banach (for Normed Spaces) consider a functional
f : R? — R defined by

f(@) =121 + agzo Vo = (x1,29) € R2.
Construct its linear extension to R? and the corresponding norms.

Solution. Let f(x) = a1&1 + as€s + agés. Then | fl|(a3 +af + ad)= > | f]| and ||| = | ]|
iff g =0. O
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Problem 28. Consider the n.s. R? and let 9 € R, 29 # 0. Find a bounded, linear
functional f: R? — R s.t.

L )=
2. f(wo) = [0
Solution. let f = (x, ”i—8”> Then HfHH”i—g”H =1 and f(z) = (x0, ||§—3||> = ||zo]| O

4.1 Bounded, Linear Functionals on C|a, b|
Definition (Variation). Let f : [a,b] — R. We define the variation of f as

Var f = sup {Z |f(ti) — f(til)‘}
=1

where
a=ty<t1 <---<th, =0

is a partition of [a, b].

Definition (Bounded Variation). We say f is of bounded variation and write f € BV [a, b]
if
Var f < oo.

Note BV]a,b] is a vector space. If we define the norm
I/l = 1f(a)| + Var f, ¥ f € BV[a,b]
then BVa,b] is a normed space.

Definition (Riemann-Stieltjes Integral). Let z € Cla,b] and f € BV]a,b] and P, be a
partition of [a,b]. Define

77Pn = max {tl - to, ce ,tn - tn—l} .
Consider S defined by
S(Pa) =Y _a(ti) [f(t:) = f(ti-1)] .

1=1
Then 37 €Rst. Ve>034d>0s.t.

nPk, <d=|I-S(P,)| <e.

We call I the Riemann-Stieltjes integral of x with respect to f and write

b
1:/ 2(t)df ().
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Remark 4.11.
1. If f(t) =t then we have the usual integral.

2. If f has a integrable derivative then

b b
/ () (t) = / £(t) /' ()dt.

3. We have ,
/ x(t)df(t)‘ < sup Ja(t)] Var()).

t€la,b]

Theorem 4.12 (Reisz - B.L.F.’s on C|a,b]). Every b.l.f. g on Cla,b] can be represented
by a Riemann-Stieltjes integral

b
o(z) = / £()df (1)

and
lgll = Var(f).

Proof. By the Hanh-Banach theorem ¢ has an extension from C|a,b] to Bla,b] the space
of bounded functions with norm

lzll = > J=(0)]

te(a,b]
and
gl = llgll -
Let [ ]
1 se]0,t
zi(s) _{ 0 otherwise ’

then x; € Bla,b]. Let f(a) =0 and f(t) = g(x¢) ¥V t € (a,b]. We want to show f is of b.v.
and Var F' < ||g]|.
Use exponential form for a complex quantity z, z = |z| e(z) where

e(z) = 1 2=0
Tl e? 240
Note that if z # 0 then |z| = ze % =

|z| = ze(z).
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We shall use the notation

&, — €(f(tl) - f(tifl)) and Ty, = Ty-
Then

Z[f(ti)—f(tz‘—l)] = $1|+Z\99€z = g(zi-1)]

= ei1g(z1 +Z€z ;) — §(i-1)]

= <511‘1+Z€z T — Tj— 1)

< gl 511‘1+Z€z T; — 1]
= llgll-1
= Varf < g
= f € BV]a,D

Now, given P a partition of [a, b] define
n
Zn = x(to)xl + Zw(ti—l [:cz — wi—l]
i=2

then z, € BV][a,b]. Now we compute

9(zn) = a(to)d(er) + D w(ti) [3(x:) — §(zi)]
=2
= x(to)f(x1) + Z z(ti-1) [f (i) — f(wiz1)]
=2
— Z x(ti—1) [f(xi) — f(ziz1)]
=1

Then taking a sequence of partitions (P,) s.t. nP, — 0, we obtain

b
/ 2(t)df ().

We need to show §(z,) — §(z) = g(x) where x € Cla,b]. Note z,(a) = z(a) -1 = 2z,(2) =
x(a) = 0. Note
ti1 <t<t; = |Zn(t) — x(t)| = ‘x(tifl) — l‘(t)‘ .
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Note
nP, — 0=z, —z|]| =0

since z € Cla,b] = x is uniformly continuous (since [a, b] is compact). Then the continuity

of g implies §(z,) — g(x) and g(z) = f(x).
Now we want to show Var f = ||g||. Computing,

lg(z)| < max z(t) Var f = ||z|| Var f

te(a,b]
and so
lgll < Var f.
Also Var f </|g||, so
lgll = Var f.

O

Remark 4.13. f is not unique in the above theorem. However, we can make f unique by
reqUITING:

1. f(a)=0
2. f(tT) = f(t) (continuity from the right).

4.2 Adjoint Operator

Given a b.l.o. T : X — Y we are interested in constructing a new operator T : Y — X'.
We proceed as follows. Let g € Y/, x € X. Setting y = Tx we obtain a function f on X
by defining

f(@) = g(Tx).
f is linear because g,T are linear. f is bounded because
[f@) = lg(Tz)] < llgl T [|]
= IfIl < Mgl 7]l
Therefor f € X’. Then
f(z) = g(Tx) (9)

with variable g € Y’ defines an operator called the adjoint of T,
T :Y — X',
Definition (Adjoint). Given a b.l.o. T: X — Y the adjoint T* : Y’ — X' is given by

f(z) = (T"g)(x) = g(Tx).
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Theorem 4.14. | 7| = ||T|.
Proof. We know T is linear and f =T*g. Then
1Tl = A1 < gl = 1T [] < I -
Now we want to show ||T| > ||T||. For any z¢ € X, 29 #0 3 go € Y’ s.t. ||go|| = 1 and

go(Txg) = ||Txol| .

Hence
go(Tzo) = (T*go)(zo)
fo = T%go
=
|Tzol| = g(Txo)
= fo(xo)
< |l foll [lzol|
= |IT"goll |l
< T lgoll llzoll -

Recall ||go|| = 1, then

o]
ol

[Tzoll < [T ol = T[] =

But xg # 0 is arbitrary, and taking sup on the RHS yields
[T = [T
O

Example 4.15. Let T': R® — R™. Let E be a basis, and let x,y € R™, and let T be the
representation of 1" with respect to E.

E = {ei,...,en}

r = (§1,---,6n)

y = (my---,m)
Te = (Tik)

y = Tgx

n
nio= > Tk
k=1
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Let F'={f1,..., fn} be the dual basis of F, i.e., a basis for R"”". Then for g € R, we can
represent

g = Y aifi
i=1
fily) = fi (anek)zm
i=1

=9(y) = g9(Tkx)
= ) am
i=1
= ) s
i=1 k=1
= g(Tpx) = ) Bi& where B = Y ipa
k=1 i=1
= f(z) = 9(Twx)
= ) Bk
k=1
=f = (Te)"yg

n
B = Y T
=1

Therefor, if T' is represented by Tg, then T is represented by the transpose of Tg.
Remark 4.16 (Properties of Adjoint).

1. (S+T) =8*+4+T*

2. (aT)* = aT*

3. (ST)* =T*8*

4. If T € B(X,Y) and T exists and T~ € B(Y, X), then (T*)™" also exists, (T*)™* €
B(X",Y'") and (T*)™' = (T ")*.

Remark 4.17 (Reltaion between T* and T*). Let T : X - Y, X = H,,Y = Hy,T : H) —
H,,T* :H),— Hi,f € Hig € H

9(Tx) = f(z)
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where Hy, Hy are Hilbert spaces. Then let us represnet (Riesz)
f(x) = <$7$0>7 Zo E]7[1
9(y) = (¥,%), o€ Ha.

Then we can define Ay : H — Hy by A1f = xo and Ag : Hy — Ha by Asg = yo. Then
Ay, Ay are bijective, isometric, and conjugate-linear. So we can define T* : Hy — Hy by

T*yo = AlTXAglyo = xy.

=
(Tx,yo) = ¢g(Tx)
= flx)
= (.1‘,.1‘0>
= (2,T"yo)
Remark 4.18.
1. (o)< = aT* but (aT)* =aT™
2. In the finite dimensional setting T™* is represented as the transpose and T™ is repre-
sented by the conjugate transpose:
T = TT
T = T,
Problem 29.
1. Show (aT')* = aT*.
2. Show (T™)* = (T*)".
Solution.

L ((aT)"g)(z) = g((aT)x) = g(aT'z) = ag(Tz) = a(t"g)(x) = ((aT)g)(z)

2. We have (ST)* = T*S% because ((ST)%g)(z) = g((ST)(z)) = g(S(T(z))) = (s*¢9)(Tz) =
T’”((ngg))(a:)) = (T*(58%g))(z) = ((T*S%)g)(z). It follows that (T7)* = (T 1)*T* =
cee = (TP

O
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4.3 Reflexive Spaces

Definition (Reflexive (Algebraic)). A vector space X is algebraically reflexive if the canon-
ical map C': X — X™* is surjective (and thus bijective). Recall C' is the mapping

T+ gy where g.(f) = f(x), V f € X*.

Definition (Reflexive (Dual)). A normed space X is called reflexive if X = X" i.e., if
R(C)=X".

Problem 30. Let X be a n.s.. Define g, : X’ — K by fixing an z € X and setting
92(f) = fla)V f € X".
1. Show V fixed z € X, g, is a b.1.f. on X’ and

g/l = ll]] -

2. C is an isomorphism X 22 R (C).
3. If an.s. X is reflexive (i.e., R (C) = X”) then X is complete.
Solution.

1. Let g,(f) = f(z), where x € X is fixed. Then |g;(f)] = |f(z)] < [|flll=z]| and
therefore g is bounded and ||g|| < ||z||. Let f € X" such that || f[| = 1 and f(z) = [||.

(We established the existence of such f.) Then ||g,| > % = ||z||. It follows that
gzl = llzll-

2. Consider C': & — X", where # — g. Then C is linear, because Vf € X we have

Jaz+8y([) = flax + By) = af(z) + Bf(y) = ag.(f) + Bgy(f)-
Then C(ax + By) = ag, + Bgy = aC(x) + BC(y). Also, |C(z)|| = [lgz| = ||lz||, and

then g, — gyll = ||gz—yl| = ||z — y|| and C is isometric. Moreover, if x # y, then
9z # gy and therefore C' is injective. It follows that C' is an isomorphism onto its
range.

"

3. X" is complete being the dual of X'. By assumption X is reflexive, hence R(C) = X" .
Part (ii) implies the completeness of X via isomorphism.

O
Theorem 4.19. Every f.d.n.s. is reflexive.

Example 4.20.
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1. #P LPa,b], V 1 < p < oo are reflexive.
2. Cla,b], L[a,b], ' are not reflexive.
Theorem 4.21 (Hilbert Spaces are Reflexive). If H is a Hilbert space then H is reflexive.

Proof. The canonical map C : H — H” given by x — g, is injective. We want to show C
is surjective, i.e.,
Vge H' 3x € Hst g=Cu.

Define A: H — H by by Af = z where z is the Riesz representation of f:
flx) =(z,2).

Then A is bijective, an isometry and conjugate-linear. We view H’ as the Hilbert space
with inner product

(f1, f2)1 = (Af2, A1)
Let g € H” be arbitrary. Then

9(f) = (f, fo)y = (Afo, Af) .
Writing f(z) = (2,2),2 = Af, Afy = 2 we have
(Afo, Af) = (, 2) = f(x).
= g(f) = f(x) = g = Cx. Then H is reflexive. O

Lemma 4.22 (Existence of a Functional). Let Y be a n.s. and let Y C X be a proper,
closed subspace. Let xg € X —Y be arbitrary. Calculate

§ = inf || — zo]|.
5I€1Y||y o |

Note Y closed =6 > 0. Then 3 f € X' s.t.
Hf“zl and f(y) =0V yeY and f(zo) = 0. (10)

Proof. Consider a subspace Z C X spanned by Y and xy and define a sublinear functional
f on Z by

f(2) = fy + am) = ad.

Note § # 0 = f # 0. Then f satisfies (10). Now we use the Hanh-Banach theorem to
extend f to X. In a slight abuse of notation we refer to the extension of f as f. Then f
is bounded. It is clear that « = 0= f(z) = 0.
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For the case a # 0

Ifl = lafd

= inf ||§ —
Ia\glgy\ly x|

lof |—a™"y — x|

ly + axol|
= [f(2)] [l 2]

<
=7 <1

Now to show ||f|| > 1. 3 (yn) CY s.t. |lyn — xo|| — 0. Let 2z, = yn — g, then f(z,) = —4.
Then
17l = supZC)
ez | ]l
z#0
|f(zn)|
[[2n

5

(B2
— 1,

= |fll=1. O
Theorem 4.23 (Separability). X' separable =X separable.
Proof. Assume X’ is separable. Then
U={fllIfl=1}cXx’
contains a countable, dense subset, say (f,) C U’. Since f, € U’ V n,

[full = sup |f(z)] = 1.

fl=f|=1

By the definition of sup we can find a sequence (z,) € X s.t. ||z,|| =1V n s.t.

| fa(an)| =

DN | =

Let Y = span ((zy,)), then Y is separable. We want to show Y = X (because then (z,) is
a countable dense subset of X).
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Suppose Y € X. Then 3 f € X’ s.t.
have f(z,) =0V n. Then

fHIl,f(y)ZOVyGY. Since (z,) C Y we

S < lnlan)]
= |fulzn) = f(zn)
= |(fn— )(zn)
< | fa= | el
= |m-7
Then ( £ = fH > L and H fH — 1 contradicts that (f,) C U’ is dense. 0

Corollary 4.24. X seprable and X' not separable =X not reflexive.

Proof. X reflexive =X = X" = X" separable = X' separable, which contradicts our as-
sumptions. O

Example 4.25. ¢! is not reflexive. This is because (£!)’ = £> and £ is not separable.

4.4 Baire Category Theorem
Definition (Category). Let X be a metric space and M C X.

1. M is said to be nowhere dense in X if M has no interior points.

2. M is said to be of first category or meager if X is the countable union of nowhere
dense sets.

3. M is of the second category if it is not of first category.

Theorem 4.26 (Baire’s Theorem). If X # () then X is of the second category (i.e., X is
not meager).

Proof. Suppose X # () and X is meager. Then
[ee]
X U M,
k=1

with M}, nowhere dense in X V k. By assumption, M; does not contain a nonempty open
set = My # X, = M, = X — Mj is not empty and is open. Pick p; € M; and an open
ball containing p;, say By = B(p1,¢1) C M, with g1 < %
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Similarly, My does not contain a nonempty open set = B(py, 3) € Ms. Then My° N
B(p1, %) # 0. Then

HBng@m@)C(M;ﬁB@h%D‘mmsy<%.

Continuing inductively, we can find By = B(pg, k) with g < 2% s.t.

B.NM, # 0

3
Bry1 C B(ngk)CBk;-

Since € < 2% we find (p,) is Cauchy. Then because X is complete 3 p € X s.t. p, — p.
Also Vn>m

d(pm,p) < d(Pm,pn) + d(pn,p)

E
< §+m%m

€m

2

and therefore p € B,,, V. m. Since B, C Mmc, we have p & M, V¥V m. Therefore p & UM,, =
X, a contradiction. O

Theorem 4.27 (Uniform Boundedness). Let (T,,) C B(X,Y) with X a Banach space and
Y a normed space. Suppose ¥V x € X I ¢, s.t.

HTan < V.
Then (|| Ty])) is bounded.

Proof. For each k define
A ={z e X|||Thz|| <k Vn}.

Then we can see A, is closed:
1. Let x € Ay. Then 3 (x;) C Ay s.t. x; — .
2. For fixed n, | Tyzi|| < k= ||T,z| < k by continuity of ||-||.
3. Then z € Ay.

By assumption V2 € X 3 k s.t. x € Ag, so
[o.¢]
X = A
k=1
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Then since X is complete we invoke Baire to obtain Ay, a set which contains an open ball,
say
By = B(l‘o,’U) C Ako'

Let z € X s.t. © # 0 be arbitrary. Set z = z¢g + yz,v = 2”1;”. Then

|z —zol| <r = z€ By
= |Twz| <kVn

AISO, xo € By = ||Tnl‘0H < kg. Then

[Tozll = 77" [Tz — 20l
< Tzl + [ Taoll)
4
<~ lfl ko.
v

We conclude 4
ITnll = sup [[Tnz]| < —ko = c,

llzfl=1

and c is independent of x. O
Problem 31. Let X be the normed space of all polynomials with norm
||| = max ||, where z(t) = ayt® + - + .
1

Show X is not complete.

Solution. Let X be the normed space of all polynomials with norm ||z| = max; |a;| (the
a;’s are the coefficients). Define the linear functional f,, by f,(z) = ap + aq + ... + ap_1.
Then |fy(z)| < nl|lz||. Also for each fixed x we have |f,(x)| < ¢;. On the other hand, for

2(t) =1+t+ 12+ ...+, we have ||z]| = 1 and f,(2) = n|jz||. Hence ||f,|| > L2l = p.

ll]]

It follows that the sequence (||f,]|) is unbounded. The Uniform Boundedness Theorem
implies that X is not complete. U

Problem 32. If X,Y are Banach and (7,,) C B(X,Y) is a sequence, show TFAE:
1. (||7x]l) is bounded.
2. (||Tz]) is bounded V z € X.
3. (|]g(Tnz)| is bounded V2 € X VgeY'

Solution. Recall that in a Banach space X if a sequence () is such that (f(x,)) is bounded
for all f € X', then (||z,,||) is bounded and therefore 3 implies 2. Also, 2 implies 1 by the
Uniform Boundedness Theorem. Finally, 1 implies 3 since |g(T,x)| < ||g||||T5]]|z]|- O
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4.5 Strong and Weak Convergence

Definition (Strong and Weak Convergence). Let X be a normed space and let (z,) C X
be a sequence.

1. (z,) is strongly convergent if 3z € X s.t.

lim ||z, — | = 0.
o0

n—

We denote this property with

lim x,, =z or x,, — x.
n—od

2. (z,,) is weakly convergent if 3z € X sit. V fe X’

We denote this property with

Ty — 2.
Lemma 4.28 (Weak Convergence). Let x,, —> x. Then
1. The the weak limit x is unique.
2. xp, — x ¥ subsequences (zp,) C (zy,).
3. (||zn]]) is bounded.

Proof.

1. Suppose z,, — z and z,, — y. Then f(x,) — f(x) and f(z,) — f(y) = f(z) =
f(y). Then 0 = f(x) — f(y) = f(x —y) V f € X’. Then by a previous lemma x = y.

2. (f(x,)) C R = all subsequences of (f(x,)) converge and have the same limit.

3. (f(xn)) converges =|f(z,)| < ¢f V n. Define g, € X” by

Then |g,(f)] = |f(zn)] < ¢f, =(|gn(f)]) is bounded V f € X’. Then X' complete
=(||gn||) bounded by the UBT. Now ||g,|| = ||z|| and the proof is complete.

U
Theorem 4.29 (Strong and Weak Convergence). Let X be a normed space and (x,) C X.

1. &, — & = xn — . The limits are the same.
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w .
2. xp, — T # x, — T in general.

3. dimX < 00 =
xnl>x:>a:n—>x.

Proof.
1 || f(xn) = f@)| = || f(xn — x)|| < ||f]l ||z — z||. Therefore z,, — x = =, -5z

2. We show a counterexample. Let H be a Hilbert space and (e,,) C H and orthonormal
sequence. Then V f € H', f(x) = (x, z). In particular, f(e,) = (en, z) and by Bessel’s

inequality
[e.e]

> Hen, 2)* <l

n=1

Therefore f(e,) = {(en,2) - 0V f € H = e, — 0. But (e,) does not converge
strongly because for n # m

llem — enH2 = (em — €n,em — €n) = 2.

3. Suppose dim X = k < oo and z,, — . Let {e1,...,e,} be a basis for X. Then we
can represent

k

Ty = Zagn)ei
1=1
k

r = Zaiei.
1=1

By assumption f(z,) — f(z) V f € X'. Take the dual basis {f1,..., fx} defined by

fi(€i) = Ok
Then

filzn) = aE”)

file) = «;.
Hence

fi(zn) — fi(z) = agn) — Q.
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Then

k
lzn — 2] = ||D (4™ — ar)es
=1
k
< S|l —ag| flesl
=1

— 0asn— oo.

Remark 4.30.

1. In (' strong and weak convergence are equivalent.

2. In a Hilbert space H,
Ty — 2 iff (xn,2) — (,2) V 2z € H.

Lemma 4.31 (Weak Convergence). Let X be a normed space and let (x,) C X. Then
T, — x iff both:

1. (J|lznl]) is bounded.
2. f(xn) = fl&)V feMcC X'V M total .
Proof. 1. “=”. Weak convergence implies 1,2 by previous results.

2. “<”. Suppose 1,2 hold. Let f € X’ be arbitrary and show f(x,) — f(z). By 1 we
can find ¢ > 0 s.t.

< c
< ec

Since M C X' is total, V f € X' 3 (f,) C span(M) s.t. f, — f. Hence Ve >
03is.t.

9
Ifi= £ < o

Moreover, since f; € span (M) (by2) 3 N s.t.

| fi(zn) — fi(z)] < %, ¥V n> N.
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Then

o) = @) < |f(@a) = filwa)] + filwn) = Fi@)] + | fil) = £ @)]
< If = Fllleall + 5 + 14 = Fll el
S
3¢° 3 3c"
= E&.

w
Therefore x,, — =x.

Definition (Weak Cauchy, Weak Complete).

1. In a normed space X, a sequence (z,,) C X is said to be weak Cauchy if V f € X’
the sequence (f(x,)) is Cauchy.

2. A normed space X is said to be weakly complete if every weak Cauchy sequence
converges weakly in X.

Problem 33. Show X reflexive =X weakly complete.

Solution. Let (z,) be any weak Cauchy sequence in X. Then (f(z,)) converges for every
f e X. For z, € X there is a g,, € X such that f(z,) = ga,(f). Hence (gu,(f))
converges, say, g., (f) — g(f). Weak Cauchyness of (x,) implies the boundedness of (x,)
and then since ||g;, || = ||zn| we have that g is bounded. Also, g is linear and therefore
g€ X". Since X is reflexive, there is an x such that g(f) = f(z). Hence f(z,) — f(x).
Since f € X' was arbitrary, this shows that (z,) converges to & weakly. Since (z,) was
any weak Cauchy sequence, X is weakly complete. U

Definition (Convergence of Operators). Let X,Y be normed spaces, and let (7,,) C
B(X,Y) be a sequence. We say (T,) is:

1. uniformly operator convergent if (T;,) converges in the norm of B(X,Y).

2. strongly operator convergent if V z € X the sequence (T,,z) converges strongly
inY.

3. weakly operator convergent if V x € X the sequence (T,,x) converges weakly in
Y.

Remark 4.32. Uniform = strong = weak:
1T =T = 0= (T = T)x[| < [|T5 — T [|[| — 0.

2. (T = Tzl| = 0= AT = T)z|| < [[fI[ (T = T)z| — 0O

84



Example 4.33 (Strong # Uniform). Let X = Y = (2. Let T, be “zero-overwrite”
operator, i.e., let (z;) € £

Tn(xl) = (0, e ,O,JJnJrl,l‘nJrQ, e )

Then T, (x;) — 0V (x;) € £2 so (T},) is strongly operator convergent to the zero operator.
However given any n, we can construct =’ € ¢? s.t. T,x = =, i.e., by making the first n

terms of 2’ zero. Then
| T ||

]

IT.|| = sup > 1.
z#0

So (7},) does not converge to 0 € B(X,Y).

Example 4.34 (Weak # Strong). Let X =Y = (2. Let T}, be “zero-shift” operator, i.e.,
let (1‘1) €’
Tn(xz;) =(0,...,0,21,2a,...), 1 zeros .

Let (2;) € €2 be another element. Define f € 2’ by

flz) =(z,2) = szz_z
i=1

Then
f(Thx) = (Thx,z)
[o¢]
= Zajkzk—l—n'
k=1
Compute
f(Tuz)? = [(To,2)[
o o
< S lml DD el
k=1 m=n-+1
o
Z lzm)* — 0.
m=n-+1

Then f(T,z) — 0 = f(0z), i.e. (T},) converges weakly to zero. But consider the sequence
x = (1,0,0,...). Then
| Tz — Tzl = V2, n #m .

So (T,,) does not converge strongly to zero.
Definition (Strong, Weak and Weak* Convergence of Functionals). Let X be a normed

space and let (f,) € X’ be a sequence.
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1. (fn) is strongly convergent to f € X' if ||f, — f|| — 0 and we write
2. (fn) is weakly convergent to f € X' if

g(fn) = 9(f)Vge X"

3. (fn) is weak* convergent to f € X' if
folx) = flx) Ve X.

We write i
fo = f.

Remark 4.35.
1. Weak =weak™.
2. Limit operators. Let (T,,) € B(X,Y) be a sequence.

(a) If T,, — T (uniform) then T € B(X,Y).

(b) If convergence is strong or weak, it is possible that the limit T is unbounded (not
continuous) if X is not complete. This is the why we use Banach spaces.

Example 4.36. Let X be the subspace of ¢? of sequences with finitely many nonzero
terms. Then X is not complete. Define T;, via

To(x;) = (x1,2T9, ..., NTp), Tyt 1, T2y - - - )-
Then (T;,) C B(X, X) converges strong to the unbounded operator T

Lemma 4.37 (Strong Operator Convergence). Let X be a Banach space, Y a normed
space, and (T,,) C B(X,Y) a sequence. (T,,) strongly operator convergent =T € B(X,Y).

Proof. Note
1. T is linear.

2. Thx - TxVreX = Tyxisbounded Vz € X =|T,]| <c, for some ¢ € R by the
uniform boundedness theorem.
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Now,

[T (A aied
c|lxfl-
So [|[Thz|| < ¢||x||. Taking lim on the LHS yields

[Tz < cll=ll,

therefore T' € B(X,Y). O

IN A

Theorem 4.38 (Strong Operator Convergence). Let X,Y be Banach spaces, and let (T,) C
B(X,Y) be a sequence. (T},) is strongly operator convergent iff

1. (||Tn|) is bounded.

2. (Tyx) is Cauchy ¥ x € M ¥ M total in X.
Proof.
1. =. If Tya — Tax V x € X then 1 follows by the UBT and 2 follows trivially.

2. <. Suppose || T,|| < ¢V n. Let z € X be arbitrary and show (7),z) converges strongly
inY.
Let € > 0 be given. Since X = span (M), then 3y € span (M) s.t.

lz -yl < =
4 3¢
Also, (T,y) Cauchy = 3 N s.t.
€
HTny - TmyH < g
Then
[Thz — Tzl < | Thz — Toyll + 1Thy — Tyl + 1Ty — Tz
e € €
< C§ + g + C§
= &

Then (73,) is Cauchy, and since Y is complete, (T;,x) converges in Y.
O

Corollary 4.39. Let X be a Banach space and (f,) C X' a sequence which is weak*
convergent to f,

fo = I.
Then f e X' iff
1. (|| full) is bounded.

2. (fnx) is Cauchy ¥ x € M ¥ M total in X.
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4.6 The Open Mapping Theorem

Definition (Open Mapping). Let X,Y be metric spaces, T : D(T) — Y, D(T) C X.
Then T is said to be an open mapping if B C D (T') open =T'(B) C Y open.
Theorem 4.40 (Open mapping). Let X,Y be Banach spaces and T € B(X,Y) s.t. T :

X 20V, Then T is an open mapping. Hence, if T is injective then T is bijective and so

T is continuous and so T~' € B(X,Y).
Lemma 4.41 (Open Unit Ball). Let X,Y be Banach spaces and T € B(X,Y) s.t. T :

onto

X —Y and By = B(0,1) C X. Then T(By) CY is open and 0 € T(By).
Proof. Let A C X. Define

1. A ={z € X|r = aa,a € A}

2. Atw={zreX|zr=a+w,a € A}

Consider B = B(O,% C X, and let x € X be arbitrary. Then choose k s.t. x € kB, e.g.,
k> 2|z||. Then

o0
X =|JkB.
k=1
Since T is surjective and linear,

Then by the category theory, ¥ complete =Y not meager. Then at least one of k7T'(Bj)
contains an open ball =T'(B;) contains an open ball, say

B, = B(y0,€) - T(Bl)
Then

By —yo = B(0,e) C T(B1) — yo.
With these sets constructed, we want to show
T(B1) —yo C T(Bo).
Let y € T(B;1) — Yy. Then y +yg € T(By). O
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Problem 34. Let X,Y be Banach spaces and T' € B(X,Y) injective. Show that 7' :
R (T) — X is bounded iff R (T') is closed in Y.

Solution.

1. If R(T) is closed in Y, it is complete, and boundedness follows from the Open Mapping
Theorem.

2. Assume T~ to be bounded, y € R(T) C Y, (y,) in R(T) such that y, — y, and
2, = T~ y,. Since T! is continuous and X is complete, (z,,) converges, say, T, — .
Since T is continuous, y, = Tz, — Tz. Hence y = Tz € R(T'), so that R(T) is closed

because y € R(T') was arbitrary.
U

4.7 Closed Graph Theorem

Definition (Closed Linear Operator). Let X,Y be normed spaces and T': D (T) — Y a
linear operator with D (T') C X. T is said to be closed if the graph of T', denoted I'T

I'T ={(z,y)lx € D(T),y =Tx}
is closed in X x Y.

Theorem 4.42 (Closed Graph Theorem). Let X, Y be Banach spaces and let T : D(T) —
Y be a closed linear operator. If D (T) is closed in X then T is bounded.

Proof. Note that X x Y is normed space with norm

1@z y) || = =]l + Iyl (11)

First we show X x Y is complete with norm (11). Let 2z, = (2,,y,) and (2z,) € X x Y
Cauchy. Let € > 0 be given. 3 N s.t.

lzn = 2zmll = |10 = Zwmll + [|Yn — yml <€ ¥V n,m > N.

Then (x,), (y,) are Cauchy in X,Y respectively. Since X,Y are Banach, these sequences
converge, say
T, mx € X, yp my ey

Then setting z = (z,y),
Zn — 2 € X xY.

Since (z,) was arbitrary, X x Y is complete.
Now, by assumption I'T" is closed in X xY and D (T') is closed in X. Therefor I'T, D (T')
are complete. Consider P : I'T" — D (T') given by the map

(z,Tx) — x.

Then
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1. P is linear. Obvious.

2. P is bounded.

1Pz, T)]| ]
< 2l + 17|

Gz, T)|[ -

3. P is bijective with inverse P~': D (T) — I'T given by the map
x— (x,Tx).

Since I'T" and D (T') are complete, P~ is bounded, say

(@, Tx)|| < bl
Then
[Txl] < [|Tx] + |||
= (2, Ta)]
< bl
VaxeD(T).
Then T is bounded, as required. O

Theorem 4.43 (Closed Linear Operator). Let X,Y be normed spaces, T : D(T) — Y a
linear operator, and D (T) C X. Then T is closed iff

1. Gien (z,) C D(T).
2. If x,, » x and Tz, — y then

x€D(T) and Tx =y.

Proof. z € TT iff 3 sequence (z,) C T'T
zn = (zn, Txy)

s.t.

Zn — Z.

Hence, z,, — = and Tz, — y. Then z = (z,y) € I'T iff

zr€D(T) and y =Tx.
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Example 4.44 (Differential Operator). Let X = C[0,1] and let T': D (T') — X be given
by the map
r— .

Note D (T') is the space of continuously differentiable functions. Then

1. T is bounded. Obvious.

2. T is closed. Suppose x, — x and Tz, = 2/, — y. Then

1 1
/ y(r)dr = / lim a2/, (7)dr
0 0 n—oo

1

= lim x (1)dr
n—oo 0
= z(t) — z(0).
= 1
x(t):a:(O)—i-/O y(T)dr
=
x € D(T)
=y

Remark 4.45. Boundedness does not imply closedness. To see this, let T : D(T) —
D(T) C X be the identity operator where D (T) is proper, dense subset of X. Then T is
linear and bounded.

However T is not closed. Take x € X — D (T) and let (z,) C D(T) be s.t.

T, — T.

Then
Te, =z, -2z ¢D(T).

Lemma 4.46 (Closed Operator). Let X,Y be normed spaces, let T € B(D (T),Y) with
D(T)C X.

1. If D(T) is a closed subset of X then T is close.
2. If T is closed and Y is complete then D (T') is a closed subset of X.
Proof.

1. If (z,) Cc D(T) and z,, — x and (T'z,) converges then
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(a) 2 € D(T)="D(T) since D (T) is closed.
(b) Tz, — Tx since T is closed.
=T is closed.

2. Forz € D(T) 3 () CD(T) s.t.
Ty, — .

Since T is bounded,
[Tzy —Tal| < [T [|on — zml -

Therefore (T'x,) is Cauchy, and since Y is complete
Tx, —yeY.

Since T is closed we have x € D(T) and Tx = y. Hence D (T) is closed because

y € D (T') was arbitrary.
O

Problem 35. Let X and Y be normed spaces and let T': X — Y be a closed, linear operator.
Show the following.

1. The image B of a compact subset C' C X is closed in Y.
2. The inverse image A of compact subset K C Y is closed in X.

Solution. 1. Consider any a € A. Let a,, — a, where a,, € A. Let ¢, € C be such that
ap = Tcy,. Since C is compact, (c¢,) has a subsequence (c,, ) which converges, say,
cp, — c€ C. Also T'c,,, — a, and T'c = a € A because T is closed by assumption.

2. Consider any b € B. Let b, — b, where b, € B. Let k,, = Tb,. Since K is compact,
(k) has a subsequence (ky,;) which converges, say, k,, — k € K. Also b,, — b, and
Tb =k € K =T(B) by the closedness of T, so that b € B and B is closed.

O
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5 Exam 1

Problem 1 (4 Points). Let M C I be the subspace consisting of all sequences x = (&)
with at most finitely many nonzero terms. Is M complete?

Solution. Let M C [*°, and z = (1,1/2,1/3,....) = (§;). Consider the sequence (z,,), where
z, = (1,1/2,...,1/n,0,...). Then z, € M and d(z,,z) = 1/(n + 1), i.e., we have that
Ty — x, but x € M. It follows that M is not closed. O

Problem 2 (4 Points). Does

b
d(z,y) = / l2(t) — ()| dt

define a metric or pseudometric on X if X is
1. the set of all real-valued continuous functions on |a, b
2. the set of all real-valued Riemann integrable functions on |a,b]?

Solution. d is a metric on Cla, b], because if the integral is 0, then |z(t) — y(¢)| = 0 for all
t € [a,b]. On the other hand d is a pseudo-metric on R][a,b], for example if z(a) = 1 and
x(t) = 0 everywhere else on [a, b], then the integral of |z(t)] is 0. O

Problem 3 (4 Points). If X is a compact metric space and M C X is closed, show that
M is compact.

Solution. Let (z,) C M C X. Since X is compact (x,) has a convergent subsequence,
say (xn,) C M, and x,, — z. M is closed, so we must have x € M. It follows that M is
compact. ]

Problem 4 (4 Points). Let T : X — Y be a linear operator and dimX = dimY =n < co.
Show that R(T) =Y iff T~! exists.

Solution.

1. Suppose that 7! exists and let {e1, e, ..., €, } a basis for X. We show that {Tey, Tes,
are linearly independent (and therefore R(T) =Y).

Suppose that a1Te; + ... + a,Te, = T(aner + ... + anen) = 0. T is bijective by
assumption, so we have that aje; + ... + aye, = 0, and then a1 = ... = o, = 0. It
follows that {Tey, ..., Te,} are linearly independent.

2. Suppose that R(T) = Y, and (y1,¥2,..-,Yn) is a basis for Y. Then there exist
r1,%2,...,T, € X such that Tx; =y;, fori=1,2,...,n.
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We can show that {x1,z9,...,x,} are linearly independent using the same argument
as above. It follows that {x1,x9,...,x,} is a basis for X.

Suppose that Tz = 0. Then Tx = T (o121 + ... + apzy) = @1y1 + ... + @y, = 0, and
o) = ... = ay = 0. It follows that x = 0 and T is injective. Also, T is surjective by
assumption. It follows that T~! exists.

O

Problem 5 (4 Points). Show that the operator T : 1> — [*° defined by

&
y=(m) =Tz, n ==, 2(&),
is linear and bounded What can you say about T—12.

Solution. Let T : [ — [®°, z = (&) € I*°, T = (&§/i). Then T is bounded, linear,
injective, but not surjective, e.g., y = (1,1,1,..) € [*® is not in R(T). T~! is only defined
on R(T) C [*®. T~! is not bounded, because for x,, = (&,;, where &,; = 1if i = n and 0

otherwise we get
el

[
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6 Exam 2

Problem 1 (4 Points). If z and y are different vectors in a finite dimensional vector space
X, show that there is a linear functional f on X such that f(x) # f(y).

Solution. Let z,y € X, z # y, dimX = n.

1. Suppose that z # ay, for any «. Then x and y are linearly independent and we
can construct a basis {x = e1,y = eg,es,...,e,}, and a corresponding dual basis

{f1, fas o, fu}, where fi(ej) = 6ij. Then fi(z) =1# fi(y).
2. If x = ay, a # 1, then we take {x = ej,ea,e€3,...,e,}, and {f1, fo,..., fun}. Then
filx) =1# fily) = a.
O
Problem 2 (4 Points). Let X and Y be normed spaces and T, : X — Y, n=1,2,3,.., be

bounded linear operators. Show that convergence T, — T implies that for every e > 0 there
is an N such that for alln > N and all x in any given closed ball we have ||T,x —Tz|| < e.

Solution. Let B be a closed ball in X. B is bounded, i.e., if z € B, then ||z|| < K for some
K. Let N be such that ||7), — T'|| < & for all n > N. Then

[T — Tzl = [[(Tn = T)x|| < [|T, = Tlll=]| <e.

O
Problem 3 (4 Points). Show that y L x,, and x, — x together imply x L y.
Solution. Suppose that y | x, and x,, — x. Then
(z,y) = lm (zp,y) =0
n—oo
O

Problem 4 (4 Points). Let M be a total set in an inner product space X . If (v, x) = (w, x)
for all x € M, show that v = w.

Solution. We have by assumption that (v —w,z) = 0 for all z € M. M is total in X, so
v—w € spanM = X. By the continuity of the inner product we have (v — w,v — w) =
lv —wl|? = 0. O

Problem 5 (4 Points). If S and T are bounded self-adjoint operators on a Hilbert space
H and o and B are real, show that L = oS + BT is self-adjoint.

Solution. Let L = oS + BT. Then we have
L* = (aS + BT)* = (aS)* + (BT)* = aS* + pT* = aS* + fT* = aS + T = L.
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7 Final Exam

Problem 1 (4 Points). What can you say about the reflexivity of I, 1 < p < 00?

Solution. [P, For 1 < p < oo is reflexive using the fact that the dual space of P is [9, where
110 + % = 1. On the other hand, ' and [*® are nonreflexive spaces. For ! we can use the
argument that a separable normed space with a nonseparable dual cannot be reflexive.
Concerning [*°, we know that ¢g, the space of convergent sequences with limit equal to
zero is a subspace of [*° and that the dual of ¢g is I*. It follows that the dual of [*° is larger
than [', and therefore [* is not reflexive. O

Problem 2 (4 Points). Let X be a separable Banach space and M C X' a bounded
set. Show that every sequence of elements of M contains a subsequence which is weak*
convergent to an element of X'

Solution. Any sequence (f,) in M is bounded, say||f,|| < r. Since X is separable, it
contains a countable dense subset V', which we can arrange in a sequence (z,,). Since

[fn(@m)| < [ fulllzmll < rllemll,

we see that for fixed m the sequence (f,(x,,)) is bounded, so that it has a subsequence A;
which converges at x1, and A; has a subsequence Ay which converges at s, ...etc.; hence
(fn,(x)), where f,, € Ay, fn, € Ag, ..., is a subsequence which converges at every element
of V. Since V is dense in X and X is complete the statement follows. O

Problem 3 (4 Points). Show that an open mapping need not map closed sets onto closed
sets.

Solution. The mapping T : R?> — R defined by (x1,72) — (x1) is open, it maps the closed
set {(w1,22)|x122 = 1} C R? onto the set R — {0} which is not closed in R. O

Problem 4 (4 Points). Let X and Y be normed spaces and X compact. If T : X — Y is
a bijective closed linear operator, show that T—' is bounded.

Solution. T~ is closed, being the inverse of a closed operator. Hence T~! : Y — X, where
T~ is closed and X is compact, is bounded. O

Problem 5 (4 Points). Let f be an integrable function on the measure space (X, B, ).
Show that given € > 0, there is a § > 0 such that for each measurable set E with pE < §

we have
[ f<e
E
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Solution. Let f be an integrable function on the measure space (X, B, u). Let f,(z) = f(x)
if |f(z)| <n, fulx) =nif f(x) >n, fu(z) = —nif f(z) <in. Then |f — fn| — 0 a.e. and
|f — fn] <|f] for all n. By the dominated convergence theorem we have

[1£=td =0

Let € > 0 be given. We can pick N such that

/|f—fn|<§f0rallN.

Let § < 5%. If E is measurable with uE < 4, then

=1 [ans =< [l 15 =l <on+ [17- i <e
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