Partial Least Squares Methods:

Partial Least Squares Correlation and Partial Least Square Regression

Hervé Abdi *
School of Behavioral and Brain Sciences

The University of Texas at Dallas

Lynne J. Williams

Rotman Research Institute at Baycrest (Toronto CA)

* Corresponding author: Hervé Abdi, School of Behavioral and Brain Sciences, The University of Texas at Dallas,
MS: GR4.1, 800 West Campbell Road, Richardson, TX 75080-3021, USA Email: herve @utdallas.edu

to appear in:
B. Reisfeld and A. Mayeno (Eds.), Methods in Molecular Biology:Computational Toxicology. New York: Springer
Verlag.

Abstract

Fartial least square (PLS) methods (also sometimes called projection to latent structures) relate the information
present in two data tables that collect measurements on the same set of observations. PLS methods proceed by deriving
latent variables which are (optimal) linear combinations of the variables of a data table. When the goal is to find the
shared information between two tables, the approach is equivalent to a correlation problem and the technique is then
called partial least square correlation (PLSC) (also sometimes called PLS-SVD). In this case there are two sets of
latent variables (one set per table), and these latent variables are required to have maximal covariance. When the
goal is to predict one data table the other one, the technique is then called partial least square regression In this case
there is one set of latent variables (derived from the predictor table) and these latent variables are required to give
the best possible prediction. In this paper we present and illustrate PLSC and PLSR and show how these descriptive
multivariate analysis techniques can be extended to deal with inferential questions by using cross-validation techniques
such as the bootstrap and permutation tests.

Keywords: : Partial least square, Projection to latent structure, PLS Correlation, PLS-SVD, PLS-Regression, Latent

variable, Singular value decomposition, NIPALS method, Tucker inter-battery analysis.
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1 Introduction

Partial least square (PLS) methods (also sometimes called projection to latent structures) relate the information
present in two data tables that collect measurements on the same set of observations. These methods were first
developed in the late 1960 to the 1980’s by the economist Herman Wold (57-59) but their main early area of de-
velopment were chemometrics (initiated by Herman’s son Svante, 61) and sensory evaluation (41; 42). The original
approach of Herman Wold was to develop a least square algorithm (called NIPALS 58) for estimating parameters in
path analysis models (instead of the maximum likelihood approach used for structural equation modeling such as, e.g.,
LISREL). This first approach gave rise to partial least square path modeling (PLS-PM) which is still active today (see,
e.g., 26; 48) and can be seen as a least square alternative for structural equation modeling (which uses, in general, a
maximum likelihood estimation approach). From a multivariate descriptive analysis point of view, however, most of
the early developments of PLS were concerned with defining a latent variable approach to the analysis of two data
tables describing one set of observations. Latent variables are new variables obtained as linear combinations of the
original variables. When the goal is to find the shared information between these two tables, the approach is equivalent
to a correlation problem and the technique is then called partial least square correlation (PLSC) (also sometimes called
PLS-SVD 31). In this case there are two sets of latent variables (one set per table), and these latent variables are
required to have maximal covariance. When the goal is to predict one data table the other one, the technique is then
called partial least square regression (PLSR, see 4; 16). In this case there is one set of latent variables (derived from
the predictor table) and these latent variables are computed to give the best possible prediction. The latent variables
and associated parameters are often called dimension. So, for example, for PLSC the first set of latent variables is
called the first dimension of the analysis.

In this chapter we will present PLSC and PLSR and illustrate them with an example. PLS-methods and their main

goals are described in Figure 1.

[Figure 1 about here.]

2 Notations

Data are stored in matrices which are denoted by upper case bold letters (e.g., X). The identity matrix is denoted
I. Column vectors are denoted by lower case bold letters (e.g., X). Matrix or vector transposition is denoted by an
uppercase superscript T (e.g., X'). Two bold letters placed next to each other imply matrix or vector multiplication
unless otherwise mentioned. The number of rows, columns, or sub-matrices is denoted by an uppercase italic letter

(e.g., I) and a given row, column, or sub-matrix is denoted by a lowercase italic letter (e.g., ).
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PLS methods analyze the information common to two matrices. The first matrix is an / by J matrix denoted X
whose generic element is x; ; and where the rows are observations and the columns are variables. For PLSR the X
matrix contains the predictor variables (i.e., independent variables). The second matrix is an / by K matrix, denoted Y,
whose generic element is y; ;. For PLSR, the Y matrix contains the variables to be predicted (i.e., dependent variables).
In general, matrices X and Y are statistically preprocessed in order to make the variables comparable. Most of the
time, the columns of X and Y will be re-scaled such that the mean of each column is zero and its norm (i.e., the square
root of the sum of its squared elements) is one. When we need to mark the difference between the original data and the
pre-processed data, the original data matrices will be denoted X and Y and the re-scaled data matrices will be denoted

ZX and Zy.

3 The main tool: The singular value decomposition

The main analytical tool for PLS is the singular value decomposition (SVD) of a matrix (see 3; 21; 30; 47, for details

and tutorials). Recall that the SVD of a given J x K matrix Z decomposes it into three matrices as:
L
Z=UAV' =Y Suv; (1)
l

where U is the J by L matrix of the normalized left singular vectors (with L being the rank of Z), V the K by L matrix
of the normalized right singular vectors, A the L by L diagonal matrix of the L singular values. Also, &, uy, and v, are
respectively the (th singular value, left, and right singular vectors. Matrices U and V are orthonormal matrices (i.e.,
U'u=VvViv=I).

The SVD is closely related to and generalizes the well-known eigen-decomposition because U is also the matrix of
the normalized eigenvectors of ZZ", V is the matrix of the normalized eigenvectors of Z'Z, and the singular values
are the square root of the eigenvalues of ZZ" and Z'Z (these two matrices have the same eigenvalues). Key property:
the SVD provides the best reconstitution (in a least squares sense) of the original matrix by a matrix with a lower rank

(for more details, see, e.g. 2; 3; 47).

4 Partial Least Squares Correlation

Partial least square correlation generalizes the idea of correlation between two variables to two tables. It was originally
developed by Tucker (51), and refined by Bookstein (14; 15; 46). This technique is particularly popular in brain
imaging because it can handle the very large data sets generated by these techniques and can easily be adapted to

handle sophisticated experimental designs (31; 36-38). For PLSC, both tables play a similar role (i.e., both are
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dependent variables) and the goal is to analyze the information common to these two tables. This is obtained by
deriving two new set of variables (one for each table) called latent variables that are obtained as linear combinations
of the original variables. These latent variables, which describe the observations, are required to “explain” the largest
portion of the covariance between the two tables. The original variables are described by their “saliences.”

For each latent variable, the X or Y variable saliences have a large magnitude, and have large weights for the
computation of the latent variable. Therefore, they have contributed a large amount to creating the latent variable and
should be used to interpret that latent variable (i.e., the latent variable is mostly “made” from these high contributing
variables). By analogy with principal component analysis (see, e.g., 13), the latent variables are akin to factor scores

and the saliences are akin to loadings.

4.1 Correlation between the two tables

Formally, the pattern of relationships between the columns of X and Y is stored in a K X J cross-product matrix,
denoted R (that is usually a correlation matrix in that we compute it with Zx and Zy instead of X and Y). R is
computed as:

R=2Zy Zx . 2

The svD (see Equation 1) of R decomposes it into three matrices:
R=UAV'T . 3)

In the PLSC vocabulary, the singular vectors are called saliences: so U is the matrix of Y-saliences and V is the matrix
of X saliences. Because they are singular vectors, the norm of the saliences for a given dimension is equal to one.
Some authors (e.g. 31) prefer to normalize the salience to their singular values (i.e., the delta-normed Y saliences will
be equal to UA instead of U) because the plots of the salience will be interpretable in the same way as factor scores

plots for PCA. We will follow this approach here because it makes the interpretation of the saliences easier.

4.1.1 Common Inertia

The quantity of common information between the two tables can be directly quantified as the inertia common to the

two tables. This quantity, denoted Py is defined as

L
I Total = Z Oy 4)
l
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where §; denotes the singular values from Equation 3 (i.e., J; is the /-th diagonal element of A) and L is the number of

non-zero singular values of R.

4.2 Latent Variables

The latent variables are obtained by projecting the original matrices onto their respective saliences. So, a latent
variable is a linear combination of the original variables and the weights of this linear combination are the saliences.

Specifically, we obtain the latent variables for X as:

Lx =7ZxV, &)
and for Y as:

Ly =ZyU (6)

(NB: some authors compute the latent variables with Y and X rather than Zy and Zx; this difference is only a matter
of normalization, but using Zy and Zx has the advantage of directly relating the latent variables to the maximization
criterion used). The latent variables combine the measurements from one table in order to find the common information

between the two tables.

4.3 What does PLSC optimize?

The goal of PLSC is to find pairs of latent vectors Ix ; and ly ; with maximal covariance and with the additional
constraints that (1) the pairs of latent vectors made from two different indices are uncorrelated and (2) the coefficients
used to compute the latent variables are normalized (see 48; 51, for proofs).

Formally, we want to find

lX,E = va(; and lY7g = ZYug (7)

such that
cov (lx_’g,lY‘[) o< I)TMIY‘[ = max
[where cov (lx_’[g,lY’g) denotes the covariance between Ix ¢ and ly ¢] under the constraints that

1% dy s =0 when ¢ # ¢/ ®)
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(note that 1§ Ix » and Iy, ly ¢ are not required to be null) and
uZTug = V/TVg =1. )]

It follows from the properties of the SVD (see, e.g., 13; 21; 30; 47) that u, and v, are singular vectors of R. In ad-
dition, from Equations 3, 5, and 6, the covariance of a pair of latent variables Ix ¢ and ly ¢ is equal to the corresponding

singular value:

Ixdve=36. (10)

So, when ¢ = 1, we have the largest possible covariance between the pair of latent variables. When £ = 2 we have the
largest possible covariance for the latent variables under the constraints that the latent variables are uncorrelated with
the first pair of latent variables (as stated in Equation 8, e.g., Ix 1 and ly > are uncorrelated), and so on for larger values
of 4.

So in brief, for each dimension, PLSC provides two sets of saliences (one for X one for Y) and two sets of latent
variables. The saliences are the weights of the linear combination used to compute the latent variables which are
ordered by the amount of covariance they explain. By analogy with principal component analysis, saliences are akin

to loadings and latent variables are akin to factor scores (see, e.g. 13).

4.4 Significance

PLSC is originally a descriptive multivariate technique. As with all these techniques, an additional inferential step is
often needed to assess if the results can be considered reliable or “significant.” Tucker (51) suggested some possible
analytical inferential approaches which were too complex and made too many assumptions to be routinely used.
Currently, statistical significance is assessed by computational cross-validation methods. Specifically, the significance
of the global model and of the dimensions can be assessed with permutation tests (29); whereas the significance of

specific saliences or latent variables can be assessed via the Bootstrap (23).

4.4.1 Permutation test for omnibus tests and dimensions

The permutation test—originally developed by Student and Fisher (39)—provides a non-parametric estimation of the
sampling distribution of the indices computed and allows for null hypothesis testing. For a permutation test, the
rows of X and Y are randomly permuted (in practice only one of the matrices need to be permuted) so that any
relationship between the two matrices is now replaced by a random configuration. The matrix Rperm is computed from

the permuted matrices (this matrix reflects only random associations of the original data because of the permutations)
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and the analysis of Rpery is performed: The singular value decomposition of Rperm s computed. This gives a set of
singular values, from which the overall index of effect F (i.e., the common inertia) is computed. The process is
repeated a large number of times (e.g., 10,000 times). Then, the distribution of the overall index and the distribution
of the singular values are used to estimate the probability distribution of %14, and of the singular values, respectively.
If the common inertia computed for the sample is rare enough (e.g., less than 5%) then this index is considered
statistically significant. This test corresponds to an omnibus test (i.e., it tests an overall effect) but does not indicate
which dimensions are significant. The significant dimensions are obtained from the sampling distribution of the
singular values of the same order: Dimensions with a rare singular value (e.g., less than 5%) are considered significant
(e.g., if the first singular values is considered significant if it is rarer than 5% of the first singular values obtained form
the Rperm matrices). Recall that the singular values are ordered from the largest to the smallest. In general, when a

singular value is considered significant all the smaller singular values are considered to be non-significant.

4.4.2 What are the important variables for a dimension

The Bootstrap (23; 24) can be used to derive confidence intervals and bootstrap ratios (37) which are also sometimes
“test-values” (32). Confidence intervals give a lower and a higher values, which together comprise a given proportion
(e.g., often 95%) of the values of the saliences. If the zero value is not in the confidence interval of the saliences of a
variable, this variable is considered relevant (i.e., “significant”). Bootstrap ratios are computed by dividing the mean of
the bootstrapped distribution of a variable by its standard deviation. The bootstrap ratio is akin to a Student ¢ criterion
and so if a ratio is large enough (say 2.00 because it roughly corresponds to an o = .05 critical value for a ¢-test) then
the variable is considered important for the dimension. The bootstrap estimates a sampling distribution of a statistic by
computing multiple instance of this statistic from bootstrapped samples obtained by sampling with replacement from
the original sample. For example, in order to evaluate the saliences of Y, the first step is to select with replacement
a sample of the rows. This sample is then used to create Yoot and Xpoor that are transformed into Zyyoe and Zxpoor,

which are in turn used to compute Ryt as:

Rboot = ZYg—ootZXbool . (1 1)

The Bootstrap values for Y, denoted Ugpot, are then computed as:

Ushoot = Rooot VA" . (12)

The values of a large set (e.g., 10,000) are then used to compute confidence intervals and bootstrap ratios.
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4.5 PLSC: Example

We will illustrate PLSC with an example in which I = 36 wines are described by a matrix X which contains J = 5
objective measurements (price, total acidity, alcohol, sugar, and tannin) and by a a matrix Y which contains K =9
sensory measurements (fruity, floral, vegetal, spicy, woody, sweet, astringent, acidic, hedonic) provided (on a 9 point
rating scale) by a panel of trained wine assessors (the ratings given were the median rating for the group of assessors).
Table 1 gives the raw data (note that columns two to four, which describe the varietal, origin, and color of the wine,

are not used in the analysis but can help interpret the results).

[Table 1 about here.]

4.5.1 Centering and normalization

Because X and Y measure variables with very different scales, each column of these matrices is centered (i.e., its mean
is zero) and re-scaled so that its norm (i.e., square root of the sum of squares) is equal to one. This gives two new

matrices called Zx and Zy which are given in Table 2.
[Table 2 about here.]

The K = 5 by J = 9 matrix of correlations R is then computed from Zx and Zy as:

—-0.278 —0.083 0.068 0.115 0.481 —-0.560  0.407 —-0.020 —-0.540

0.029 0.531 0.348 —0.168 —0.162  0.084 —0.098 0.202  0.202
R=Zy'Zx=| —0.044 -0387 —0.016 0.431 0.661 —0.445 0.730 —0.399 —-0.850 (13)
0305 —-0.187 —-0.198 -0.118 —-0.400 0.469 -0.326 —-0.054 0418

0.008 -0.479 -0.132 0.525 0.713 —-0.408 0.936 —-0.336 —0.884

The R matrix contains the correlation between each of variable in X with each of variable in Y.

452 SVDofR

The SVD (cf., Equations 1 and 3) of R is computed as:

R =UAV" (14)



0.366
—0.180
= 0.584
-0.272

0.647

—0.423 —0.498
—0.564 0.746
0.112 0.206
0.652 0.145
0.255 0.364

0.078 0.658
—0.021 0.304
—0.777  —0.005
—0.077 0.689

0.620 0.006

4.5.3 From salience to factor score

2.629
0.881
0.390
0.141

0.077
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[ —0.080 0338 0508
0232 —0.627  0.401
0030 —0.442 0373
0265 0171  0.206
0442 —0.133  —0.057
—0332 0388 0435
0490 —0.011  0.433
~0.183 0307 —0.134

| —0.539 0076 —0.043

—0.044
0.005
—0.399
0.089
0.004
0.084
0.508
0.712
0.243

0.472
—0.291
0.173
—0.719
—0.092
—0.265
0.198
0.139
—0.088

The saliences can be plotted as a PCA-like map (one per table), but here we preferred to plot the delta-normed saliences

Fx and Fy, which are also called factor scores. These graphs give the same information as the salience plots, but their

normalization makes the interpretation of a plot of several saliences easier. Specifically, each salience is multiplied by

its singular value, then, when a plot is made with the saliences corresponding to two different dimensions, the distances

on the graph will directly reflect the amount of explained covariance of R. The matrices Fx and Fy are computed as

Fy = VA =

—-0.194  0.011
0.291 —0.003
0.080 —0.109
0.057 —-0.011
0.142  0.087

0.198 —0.006
0.156  0.001
0.145 —0.056
0.080  0.013
0.022  0.001
0.169  0.012
0.169  0.072
—0.052  0.100

0.067 —0.017 0.034

[ 0962 —0373
_0.473  —0.497

=| 153 0.098
_0.714 0574
1700 0.225
[ 0210 0297
—0.611 —0.552
0079 —0.389
0.696  0.151
1161 —0.117 —
_0.871 0342
1287 —0.009
0480 —0271
_1.417

0.051
0.024
0.000
0.053
0.000

0.037
—0.023
0.013
—0.056
—0.007
—0.021
0.015
0.011
—0.007

Figures 2 and 3 show the X and Y plot of the saliences for Dimensions 1 and 2.

[Figure 2 about here.]

(15)

(16)
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[Figure 3 about here.]

4.5.4 Latent variables

The latent variables for X and Y are computed according to Equations 5 and 6. These latent variables are shown in
Tables 3 and 4. The corresponding plots for Dimensions 1 and 2 are given in Figures 4 and 5. These plots show clearly

that wine color is a major determinant of the wines both for the physical and the sensory points of view.
[Figure 4 about here.]
[Figure 5 about here.]
[Table 3 about here.]

[Table 4 about here.]

4.5.5 Permutation Test

In order to evaluate if the overall analysis extracts relevant information, we computed the total inertia extracted by
the PLSC. Using Equation 4, we found that the inertia common to the two tables was equal to o = 7.8626. To
evaluate its significance, we generated 10,000 R matrices by permuting the rows of X. The distribution of the values
of the inertia is given in Figure 6, which shows that the value of Y, = 7.8626 was never obtained in this sample.
Therefore we conclude that the probability of finding such a value by chance alone is smaller than m (i.e., we can

say that p < .0001).
[Figure 6 about here.]

The same approach can used to evaluate the significance of the dimensions extracted by PLSC. The permutation
test found that only the first two dimensions could be considered significant at the & = .05 level: For Dimension 1,
p < .0001 and for Dimension 2 p = .0043. Therefore, we decided to keep only these first two dimensions for further

analysis.

4.5.6 Bootstrap

Bootstrap ratios and 95% confidence intervals for for X and Y are given for Dimensions 1 and 2 in Table 5. As it is
often the case, bootstrap ratios and confidence intervals concur in indicating the relevant variables for a dimension.
For example, for Dimension 1, the important variables (i.e., variables with a Bootstrap ratio > 2 or whose confidence
interval excludes zero) for X are Tannin, Alcohol, Price and Sugar; whereas for Y they are Hedonic, Astringent,

Woody, Sweet, Floral, Spicy, and Acidic.

[Table 5 about here.]

10
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S Partial least square regression

Partial least square Regression (PLSR) is used when the goal of the analysis is to predict a set of variables (denoted
Y) from a set of predictors (called X). As a regression technique, PLSR is used to predict a whole table of data (by
contrast with standard regression which predicts one variable only), and it can also handle the case of multicolinear
predictors (i.e., when the predictors are not linearly independent). These features make PLSR a very versatile tool
because it can be used with very large data sets for which standard regression methods fail.

In order to predict a table of variables, PLSR finds latent variables, denoted T (in matrix notation), that model X

and simultaneously predict Y. Formally this is expressed as a double decomposition of X and the predicted Y:
X=TP" and Y=TBC', (17)

where P and C are called (respectively) X and Y loadings (or weights) and B is a diagonal matrix. These latent
variables are ordered according to the amount of variance of Y that they explain. Rewriting Equation 17 shows that Y

can also be expressed as a regression model as:
Y = TBC' = XBy (18)
with
Bps =PT"BCT, (19)

(where PT™ is the Moore-Penrose pseudo-inverse of PT, see, e. g., 12, for definitions). The matrix By, g has J rows and
K columns and is equivalent to the regression weights of multiple regression (Note that matrix B is diagonal, but that

matrix Bps is, in general not diagonal).

5.1 Iterative computation of the latent variables in PLSR

In PLSR, the latent variables are computed by iterative applications of the SvD. Each run of the SVD produces
orthogonal latent variables for X and Y and corresponding regression weights (see, e.g., 4, for more details and
alternative algorithms).

5.1.1 Step one

To simplify the notation we will assume that X and Y are mean-centered and normalized such that the mean of each

column is zero and its sum of squares is one. At step one, X and Y are stored (respectively) in matrices X¢ and Y.

11
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The matrix of correlations (or covariance) between Xg and Yy is computed as:
R =X]Yo. (20)

The svD is then performed on R; and produces two sets of orthogonal singular vectors W; and C;, and the corre-

sponding singular values A (compare with Equation 1):
R; = WA CT . 20

The first pair of singular vectors (i.e., the first columns of W; and C)) are denoted w; and ¢; and the first singular value
(i.e., the first diagonal entry of A;) is denoted &;. The singular value represents the maximum covariance between the

singular vectors. The first latent variable of X is given by (compare with Equation 5 defining Lx):
t; = Xowq (22)

where, t;| is normalized such that tthl = 1. The loadings of Xy on t; (i.e., the projection of X on the space of t;) are
given by:
pi =Xgt . (23)

The least square estimate of X from the first latent variable is given by:

Xi=tp . (24)
As an intermediate step we derive a first pseudo latent variable for Y denoted u; and obtained as:

u; = Yoc; . (25)
Reconstituting Y from its pseudo latent variable as:

Y, =uc] , (26)
and then rewriting Equation 26 we obtained the prediction of Y from the X latent variable as:

Y, = tibre] 7

12
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with

by =tlu; . (28)

The scalar by is the slope of the regression of ?1 onty.
Matrices )Ail and ?1 are then subtracted from the original Xy and original Y respectively to give deflated X; and
Y::
X, =Xo—X; and Y, =Yo-Y,. (29)

5.1.2 Last step

The iterative process continues until X is completely decomposed into L components (where L is the rank of X). When
this is done, the weights (i.e., all the w,’s) for X are stored in the J by L matrix W (whose /th column is wy). The latent
variables of X are stored in the / by L matrix T. The weights for Y are stored in the K by L matrix C. The pseudo latent
variables of Y are stored in the / by L matrix U. The loadings for X are stored in the J by L matrix P. The regression
weights are stored in a diagonal matrix B. These regression weights are used to predict Y from X, therefore, there is
one by for every pair of t, and uy, and so B is an L x L diagonal matrix.

The predicted Y scores are now given by:

Y =TBC" = XB, (30)

where, Bps = PTTBCT, (where PT™ is the Moore-Penrose pseudo-inverse of P"). By has J rows and K columns.

5.2 What does PLSR optimize?

PLSR finds a series of L latent variables t, such that the covariance between t; and Y is maximal and such that t; is
uncorrelated with t, which has maximal covariance with Y and so on for all L latent variables (see, e.g., 4; 17; 19; 26;
48; 49, for proofs and developments). Formally, we seek a set of L linear transformations of X that satisfies (compare
with Equation 7):

ty=Xw, suchthat cov(t,,Y)=max 31

(where wy is the vector of the coefficients of the /th linear transformation and cov is the covariance computed between

t and each column of Y) under the constraints that

t/ty =0 when (#/( (32)

13
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and

tit,=1. (33)

5.3 How good is the prediction?
5.3.1 Fixed effect model

A common measure of the quality of prediction of observations within the sample is the Residual Estimated Sum of
Squares (RESS), which is given by (4):

RESS =|| Y-Y | (34)

where || ||? is the square of the norm of a matrix (i.e., the sum of squares of all the elements of this matrix). The

smaller the value of RESS, the better the quality of prediction (4; 13).

5.3.2 Random effect model

The quality of prediction generalized to observations outside of the sample is measured in a way similar to RESS, and

is called the Predicted Residual Estimated Sum of Squares (PRESS). Formally PRESS is obtained as (4):
PRESS =|| Y—-Y | . (35)
The smaller PRESS is, the better the prediction.

5.3.3 How many latent variables?

By contrast with the fixed effect model, the quality of prediction for a random model does not always increase with the
number of latent variables used in the model. Typically, the quality first increases and then decreases. If the quality
of the prediction decreases when the number of latent variables increases this indicates that the model is overfitting
the data (i.e., the information useful to fit the observations from the learning set is not useful to fit new observations).
Therefore, for a random model, it is critical to determine the optimal number of latent variables to keep for building
the model. A straightforward approach is to stop adding latent variables as soon as the PRESS decreases. A more

elaborated approach (see, e.g., 48) starts by computing the ratio Q% for the /th latent variable, which is defined as:

5 PRESS/

=1 ——"° 36
0; RESSp_; ’ (36)

with PRESSy (resp. RESSy_1) being the value of PRESS (resp. RESS) for the (th (resp. ¢ — 1) latent variable [where

RESSg = K X (I — 1)]. A latent variable is kept if its value of Q% is larger than some arbitrary value generally set equal

14
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to (1— 952) = .0975 (an alternative set of values sets the threshold to .05 when I < 100 and to O when I > 100, see,
e.g.,, 48; 60, for more details). Obviously, the choice of the threshold is important from a theoretical point of view,

but, from a practical point of view, the values indicated above seem satisfactory.

5.3.4 Bootstrap confidence intervals for the dependent variables

When the number of latent variables of the model has been decided, confidence intervals for the predicted values can
be derived using the Bootstrap. Here, each bootstrapped sample provides a value of Bp s which is used to estimate
the values of the observations in the testing set. The distribution of the values of these observations is then used to

estimate the sampling distribution and to derive Bootstrap ratios and confidence intervals.

5.4 PLSR: Example

We will used the same example as for PLSC (see data in Tables 1 and 2). Here we used the physical measurements
stored in matrix X to predict the sensory evaluation data stored in matrix Y. In order to facilitate the comparison
between PLSC and PLSR, we have decided to keep two latent variables for the analysis. However if had used the Q?
criterion of Equation 36, with values of 1.3027 for Dimension 1 and —0.2870 for Dimension 2, we should have kept
only one latent variable for further analysis.

Table 6 gives the values of the latent variables (T), the reconstituted values of X ()A() and the predicted values of Y

(\A(). The value of Bp; s computed with two latent variables is equal to

—0.0981 0.0558 0.0859 0.0533 0.1785 —0.1951 0.1692  0.0025 —0.2000
—0.0877 0.3127 0.1713 —-0.1615 -0.1204 —-0.0114 —0.1813 0.1770  0.1766
Beis = | —0.0276 —0.2337 —0.0655 0.2135 0.3160 —0.20977 0.3633 —0.1650 —0.3936
0.1253 —0.1728 —0.1463 0.0127 —0.1199 0.1863 —0.0877 —0.0707 0.1182

0.0009 -0.3373 —-0.1219  0.2675 0.3573 —-0.2072  0.4247 —-0.2239 —0.4536

(37)
The values of W which play the role of loadings for X are equal to
[ 03660 —0.4267 |
0.1801 —0.5896
W= -0.5844 0.0771 | - (38)

0.2715 0.6256

| —0.6468  0.2703 |
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A plot of the first two dimensions of W given in Figure 7 shows that X is structured around two main dimensions. The
first dimension opposes the wines rich in alcohol and tannin (which are the red wines) are opposed to wines that are

sweet or acidic. The second dimension opposes sweet wines to acidic wines (which are also more expensive).
[Figure 7 about here.]
[Figure 8 about here.]
[Figure 9 about here.]

[Table 6 about here.]

6 Software

PLs methods necessitate sophisticated computations and therefore they critically depends on the availability of soft-
ware.

PLSC is used intensively is neuroimaging, and most of the analyses in this domain are performed with a special
MATLAB toolboox (written by Mclntosh, Chau, Lobaugh, & Chen). The programs and a tutorial are freely available
from www.rotman-baycrest.on.ca:8080. These programs (which are the standard for neuroimaging) can
be adapted for other types of data than neuroimaging (as long as the data are formatted in a compatible format). The
computations reported in this paper were performed with MATLAB and can be downloaded from the home page of the
first author (www.utdallas.edu/~herve).

For PLSR there are several available choices. The computations reported in this paper are performed with MAT-
LAB and can be downloaded from the home page of the first author (www.utdallas.edu/~herve). A public
domain set of MATLAB programs is also available from the home page of the N-Way project (www .models.kvl.
dk/source/nwaytoolbox/) along with tutorials and examples. The statistic toolbox from MATLAB includes
a function to perform PLSR. The public domain program R implements PLSR through the package pls (43). The
general purpose statistical packages SAS, SPSS, and XLSTAT (which has, by far the most extensive implementation of
PLS methods) can be also used to perform PLSR. In chemistry and sensory-evaluation, two main programs are used:
the first one called SIMCA-P was developed originally by Wold (who also pioneered PLSR), the second one called
the UNSCRAMBLER was first developed by Martens who was another pioneer in the field. And finally, a commercial

MATLAB toolbox has also been developed by EIGENRESEARCH.
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7 Related methods

A complete review of the connections between PLS and the other statistical methods is, clearly, out of the scope of an
introductory paper (see, however, 17; 26; 48; 49, for an overview), but some directions are worth mentioning. PLSC
uses the SVD in order to analyze the information common to two or more tables, and this makes it closely related
to several other SVD (or eigen-decomposition) techniques with similar goals. The closest technique is obviously
inter-battery analysis (51) which uses the same SVD as PLSC, but on non-structured matrices. Canonical correlation
analysis (also called simply canonical analysis, or canonical variate analysis, see 28; 40, for reviews) is also a related
technique that seeks latent variables with largest correlation instead of PLSC’s criterion of largest covariance. Under
the assumptions of normality, analytical statistical tests are available for canonical correlation analysis but cross-
validation procedures analogous to PLSC could also be used.

In addition, several multi-way techniques encompass as a particular case data sets with two tables. The oldest
and most well known technique is multiple factor analysis which integrates different tables into a common PCA by
normalizing each table with its first singular value (7; 25). A more recent set of techniques is the STATIS family which
uses a more sophisticated normalizing scheme whose goal is to extract the common part of the data (see 8, for an
introduction). Closely related techniques comprise common component analysis (33) which seeks a set of factors
common to a set of data tables, and co-inertia analysis which could be seen as a generalization of Tucker’s (1958) (51)
inter-battery analysis (see, e.g., 18; 22; 50; 50, for recent developments).

PLSR is strongly related to regression-like techniques which have been developed to cope with the multi-colinearity
problem. These include principal component regression, ridge regression, redundancy analysis (also known as PCA
on instrumental variables 44; 52; 53), and continuum regression (45), which provides a general framework for these

techniques.

8 Conclusion

Partial Least Squares (PLS) methods analyze data from multiple modalities collected on the same observations. We
have reviewed two particular PLS methods: Partial Least Squares Correlation or PLSC and Partial Least Squares
Regression or PLSR. PLSC analyzes the shared information between two or more sets of variables. In contrast,
PLSR is directional and predicts a set of dependent variables from a set of independent variables or predictors. The
relationship between PLSC and PLSR are also explored in (17) and, recently (27) proposed to integrate these two
approaches into a new predictive approach called BRIDGE-PLS. In practice, the two techniques are likely to give

similar conclusions because the criteria they optimize are quite similar.
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Table 3
Dim 1 Dim 2 Dim 3 Dim 4 Dim 5
0.249 0.156 0.033 0.065  -0.092
0.278 0.230 0.110 0.093  -0.216
0.252 0.153 0.033  -0.060  -0.186
0.184 0.147  -0.206 0.026  -0.026
0.004 0.092 -0.269 -0.083  -0.102
-0.119 0.003 0.058  -0.101 -0.052
-0.226  -0.197 0.102 0.054  -0.053
-0.170  -0.098  -0.009 0.030  -0.049
-0.278 0.320 0.140  -0.080 0.194
-0.269 0.300  -0.155 0.102  -0.121
-0.317 0355  -0.110 0.084 0.083
-0.120 0.171 0.047  -0.132  -0.054
0.392  -0.155 0.155  -0.120 0.113
0405  -0.073 0.255 0.030 0.005
0.328  -0.225 0.120  -0.086 0.073
0226  -0.150  -0.200 0.067 0.076
0.030 -0.090 -0.163 -0.113 0.114
-0.244  -0.153 0.019 0.099 0.128
-0.236  -0.119  -0.040 0.121 0.098
0.051 -0.090  -0.081 -0.177 0.067
-0.299 0.200  -0.026 0.097 0.088
-0.206 0.146  -0.046 0.029  -0.058
-0.201 0.214 0.034  -0.065 0.159
-0.115 0.076  -0.046  -0.040  -0.040
0.323 0.004  -0.058 0.123 0.221
0.399 0.112 0.193 0.009 0.083
0435  -0.029  -0.137 0.106 0.080
0379 -0310 -0.183  -0.013 0.016
-0.018  -0.265 0.002  -0.079  -0.062
-0.051 -0.192 0.097 -0.118  -0.183
-0.255  -0.326 0.164 0.106  -0.026
-0.146  -0.626 0.127 0.134 0.058
-0.248 0.126 0.054 0.021 -0.077
-0.226 0.174  -0.010 0.027  -0.054
-0.108 0.096 -0.080 -0.040 -0.110
-0.084 0.025 0.079  -0.117  -0.092
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Table 4
Dim 1 Dim 2 Dim 3 Dim 4 Dim 5
0.453 0.109  -0.040 0.197  -0.037
0489  -0.088  -0.018 0.062 0.025
0.526 0.293 0.083 -0.135  -0.145
0.243  -0.201 -0.280 0.013 0.090
0.022 -0.112  -0.308 0.015  -0.145
-0452  -0.351 0236  -0.157 0.208
-0.409  -0.357  -0.047 0225  -0.062
-0.494  -0.320 0.019 0.006  -0.150
-0.330 0.186 0325 -0.112 0.030
-0.307 0.170 0.005  -0.062 0.040
-0.358 0252  -0.167 0.053 0.142
-0.206 0.280 0.171 -0.006  -0.060
0264 -0.072  -0.075 0.090  -0.042
0412  -0.125  -0.050 0.103 0.160
0.434 0.149 0.152  -0.268  -0.030
0.202  -0.194  -0.237 0.016 0.160
0.065 -0.138  -0.330  -0.134 0.029
-0.314  -0.021 0.066  -0.094 0.159
-0.340  -0.194  -0.173 0.368 0.138
-0.169  -0.186  -0.057 0.120 0.019
-0.183 0.019 0.017  -0.002  -0.045
-0.154 0.037  -0.120 0.112  -0.188
-0.114  -0.010 -0.196  -0.096 0.051
-0.161 0.114  -0.025 -0.019 -0.035
0.490 0.141 0.076  -0.031 -0.083
0.435 0.180 0.162 0.072 0.035
0.575 0.208 0365 -0.024  -0.167
0.357 -0.124  -0.098 0.046 0.137
0.145  -0.113  -0.078 0.002  -0.087
-0.268  -0.299 0.177  -0.161 0.114
-0.283  -0.232  -0.008 0.109  -0.068
-0.260  -0.158 0.147  -0.124  -0.081
-0.106 0.373 0.078 0.117  -0.065
-0.275 0.275 0.305  -0.102  -0.019
-0.060 0300 -0.238  -0.091 0.004
0.130 0.209 0.162  -0.110  -0.030
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Partial Least Square Methods

Table 5
Dimension 1 Dimension 2

Bootstrap Lower Upper  Bootstrap Lower Upper

Ratio 95% CI 95% CI Ratio 95% CI 95% CI

Price 3.6879 0.1937 05126  —2.1720  —0.7845 —0.1111
Acidity —1.6344 —0.3441 0.0172 —3.3340 —0.8325 —0.2985
Alcohol 13.7384 0.5070 0.6420 0.5328 —0.2373 0.3845
Sugar —2.9555 —0.4063 —0.1158 4.7251 0.4302 0.8901
Tannin 16.8438 0.5809 0.7036 1.4694  —0.0303 0.5066
Fruity —0.9502 —0.2188 0.0648 2.0144 0.0516 0.5817
Floral —3.9264 —0.3233  —0.1314  —3.4383 —0.9287  —0.3229
Vegetal —0.3944 —0.1390 0.0971 —2.6552 —0.7603  —0.1950
Spicy 3.2506 0.1153 0.3709 1.0825 —0.0922 0.4711
Woody 9.1335 0.3525 0.5118 —0.6104  —0.4609 0.2165
Sweet —6.9786 —0.4080  —0.2498 1.9499 0.0430 0.6993
Astringent 16.6911 0.4390 0.5316  —0.0688 —0.3099 0.2910
Acidic —2.5518 —0.2778 —0.0529  —1.4430  —0.6968 0.0500
Hedonic —22.7344 —0.5741  —0.4968 0.3581 —0.2850 0.4341

28



Partial Least Square Methods

PEEY'9 £678°¢ 8¥S1°T 1859°€ S189'C 091+'C 8861 L1§9°€ 89LE°9 00S0°6V1  98S€'E 08€6°C1 £697°9 OVLI'€1 9189'T 869L°0— 12000 89500 9¢
TSS9 TwsLE 9€11T S9LL'E 965 019v'C 69L0°T 8vTH'E U8r'9 00PV'0ST  69¥8'€ 0906°C1 6v6'S 09001 YT6L'T [99450) 6990°0 92L0'0 N3
95p9'L $PES'E 165S'1 39482 £9Y0'C 6517°C 1200 LL6V'E 69Y9'9 0v0r 0L 6L9S' 09L5°T1 €9€L°S 0918°6 €8Yh'1 1291 P10 8TS1°0 e
19€6°L TLE6's 016€'1 LySTY W6’ 9LLOT 1860 TssLE 95659 0LIL'SE 19v€' ov8YTl 0986'S 01L1°01 PLLY'T 19290 TTLO0 U910 €€
9L£0°8 LST8P i €4TTE S8€1°T 009’1 €EPE'E 00S€°9 8685 0£P9I8—  SL800— 001+°T1 79876 0L91°02 $890'1— LOPS'T 17250~ 68600 €
8269'8 0085 858°0 LL9L'E S61L1 18L€°1 8088'C 66TS'S ¥970'9 00006~ 9LY81 09271 1€50°8 08pY'S1 0L81°T— €191 67620~ ¥TLIO 1€
€1T1'9 €ELOY 1860°C PILEE 99T 1761 PESST 1286 L980°9 00€0°811  06L0°T 00€6°T1 960T'L 0080°91 €9€1°T— 89861 €910~ SPE00 0¢
60619 €1zly 8861°C PTeTE P868°T UsIT 7199°T LLSS 9LLE'S 0065971 LY6S'1 09661 986t°L 0S6T°L1 6681°0— LS80~ 9LIT0~ 02100 6T
At 067S°€ €88C'1 €681°C LIS PIEEE 6VEST veLy's w6IL'S 009L'€SP  €S6€°0 o1yl 790T'L 08€0°TT 0060~ 11T €100~ 9570~ 8T
8IETT SL90°E Te68 Y 000€'C vi6l's SIZ6'E 0120C 850CC 8109 001¥'8L§  9TES'T 062SP1 Thes's 028761 8PET1 900b'€— £PE0°0 SE6T0— Ik
8107'T 1EV6'C YO8 vL0S'T 7590 6900 LPIS'T op1g'l TesT9 000S'€8S  8YP9T 0v8KY1 7S0E'S 0SSE'LL 75580 £0LS T €10 690~ 74
91T LYOT'E ey 1909 06597 §579'€ SLT0T £5HhT £2r1°9 00TTI6r  929TT 0L61'P1 8658' 0zTSLLY 9001 0L68°T— £EV0°0 8IT0— st
1£99°9 0L6L'€ 610 TwWLLE 125§°T S0r'T 6811°C THES'E 829+'9 0066'LET €IvL'e 0181 05509 0061°C1 6850 €160 08700 9LLOO T
TEPEL pESLE 9LTLl LLOTY 6081°C 1L££T 76€6'T IH0E°E 11299 00S1°001 8699 00L9°T1 91LS'S T65L°6 17970 £6L9°0 81710 LSET0 54
€8LY'L L6€8'€ L6€9'T 66907 8SE1'T 6L£TT 98€0°T TLEsE §209°9 085108 £69€Y 0929°T1 €€€8°S 01501 11970 L8060 95600 06€1°0 w
16v€'8 ¥S16°€ ProI'T PISEY €00L1 61€0°T 8566'1 T609°€ 991L°9 00€1°S1 95887 079€°T €01L°S LLEL'S 0vES0 PESO'T 65T1°0 12020 Iz
£0YT'S S9LL'E 11SLT 0207°€ 6V6T°€ 879 LSEET PL89°€ L9S1°9 000STET  869ET 0L6T€1 £579'9 0£20°91 P295°T— 96660 61L0°0~ £7€0°0— 0z
9v81'8 8857 8811 9906°€ £068'1 187L°1 €215T L2997 90829 06LE'8I~ 8096 0v6E°TH SIS0'L ov8I°€1 0£91°1~ PI0T LETI'0~ P651°0 61
6VTE'8 PETED TEOI'L 968°€ 65€8°1 8L99'1 L6LST €1€8°Y P8ETY 0019°SE~  L9LLT 06v€°T1 886T'L 00€S°€1 9ELI'0— L88'1 SPSI'0- 0591°0 81
9Tht's 0S08°€ 679 sssTE 0L61°€ 6065°T TUPET 90PL’€ 90L1'9 00P671T  tPERT 0SETE LS99 0ELL'ST 8859'0— TS8E0— €2L0'0~ 90200~ L1
LEES'E £996°€ $6£9°€ 9LILT 6671 8LOT'E 0C€€T 86TEE 700’9 00S'29€  6TL9'T OLIS'ET 8£59'9 01LK'8T L10TT— Y9611~ 26800~ STSI0— 91
8L79'C 1es°e 82607 TISET 0865 £98T°€ 8TEP'T sope's 86£8'S 00VE0Ey  EEE6°0 06801 01€6'9 0609'0¢ 17880 8595T— LLYTO— S1TT0— St
119°T 6881°€ YrLOY s L970°S 91sL’E €LT1T 810S'T 9966'S 00Pb'8ES 96091 060t 1 61€1°9 0£65°61 1Lp8°0— 98€r'T— ST10'0— PELTO— [l
S9L8'T LTESE L60S' S6LTT 61€67 1085°€ 7987°C 1888 8068'S 00pT€0S  69VI1'1 0€TE Y1 60559 080502 £988°0— Lb9S'T— 65800~ 85920~ €1
€LLS9 £089°€ 0121'T 1298°€ 1295°T orzsT 8L96' H0TE 8L59 00vy'SST  L8YTY 0206°C1 $S59°S 0v80°T1 €IET L61T'T S611°0 80800 4|
81678 €rTLE 90LT'1 8966 8TLY'T YEITT IPELT £9L0°€ LVT6'9 0£8T°€Y 9208'S 08861 0L10°S 9889'9 P8I 8S11°T 60ST°0 6£17°0 1
9SL8'L 6vIL'E L9LY'T 8TLEY 1688°1 9L8T'T LT6L'1 Tire 16£8°9 0890°1L L8IY'S 0€1S°Tl 69L1'S S0LL'L 10560 LLIS'T 18170 SI81°0 o1
0SL6'L €€€L°E peTy'l £P6EY €281 €65T°T 9108'T £0S1°€ 6078'9 0S9€°T9 6LTH'S 0z8Y°Tl S661° 1669°L 06860 026'1 67120 8L81°0 6
PH8Y'L 6Tl L1951 109L°€ S81TT 96L6'1 6Irr'T TWLEY SELT9 ovIsEy L816T 001971 1506'9 09€9°€ 1 1€E€rT— €206 £€860°0— 0S11°0 8
0507°8 8ESED €pSI°1 zise T806'1 £659'1 9E$9°T S8E6'Y PSLI'9 OLP8IE-  IL6VT 0£8€°TI 96Tt'L ovTTyl POSTT— YT S981°0~ 8TS1°0 L
79189 8016°€ 8S6'1 8PIL'E L80S'T €8LT°T TWSTT Ssp8'e $99€°9 00T9€Il 061€E 0028°T1 61119 0690°€1 01L9T— TIL9T $100~ 0080°0 9
ocer's 86L5€ 611LT e e 00v1E TwL6LT 8720T T280°€ L1979 0011°SVT  T€9S°€ 0zsTEl 8818°S 09TTEl 66€S°0— 0EE1°0— £6L0°0 62000~ S
wise YoIT'E ¥8EL'E L160°€ $SE0' 89TH'E P8ES'T 110£°C 85019 00L9°€Ty  08Eb'E 01¥8°€1 PSPE'S 028t 1 9010'T— YOPYT— PLYTO 1210~ ¥
6€18°C £901°€ 0801 6616 €0LEY €9€9°€ 9208'T ¥280'T SOLE'9 006£TLY  6SLTE 08501 185T°S 0501 6L11'T 011e— L9ST°0 YOLI'0— €
£9TH'T 50567 0LEE Y €876 €LTSY 8€8°€ 1859°T 9289'1 7199 00TI'LIS 1049 08LI'P1 9758 06051 $680'0— L068'T— 99270 0881°0— z
€LE8'T o1’ 1L60'Y 1266 €LSEY 87€9'€ SS6L'T §TL0T P8LE9 00LI'ILP  €11EE 08501 06£T'S 0€11°S1 ¥SL6'0 9LLYT— $091°0 7891°0— I
otopay aproe wolumse  100ms £poom fords [21080A [ei0y Ky uruuey w3ns [oyoore fupoe oy ooud g | wiq g | wiq ouim
A X

9 9IqeL

29



List of Figures

Figure 1
The PLS family.

Figure 2
The Saliences (normalized to their eigenvalues) for the physical attributes of the wines.

Figure 3
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Plot of the wines: The Y-latent variables for Dimensions 1 and 2.

Figure 6
Permutation test for the inertia explained by the PLSC of the wine. The observed value was never
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Figure 8
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Figure 9
PLSR. Plot of the latent variables (wines) for Dimensions 1 and 2.
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