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GAUSSIAN QUADRATURE (1) |

e Objective: Approximate an integral as a sum

b
/ f@) wle)dz ~ Y w f(w)

as accurately as possible, given m points

> w is a positive-valued weight function

> Tools:
o Polynomial interpolation d’apres Lagrange
o Orthogonal polynomials

> Values of the weights w; will be derived that are optimal in the sense of
maximizing the degree of a polynomial for which the above integration
formula is exact
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e [t is always possible to find weights that make the formula

m—1

/ f@)w(z)dr = Z w; f ()
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LAGRANGIAN INTERPOLATION (1) I

e Interpolation of sampled values of a function f:

> Given sampled values f(z;) at sampling points g, ... , Tpy_1

> Define a function ey that interpolates the values 0, ..., 0, 1,0, ..., 0 (1
in location k, 0 elsewhere):

1,if I ;
6/<:<377;) = O = ’% ) o
0,if x; # xy.

> The polynomial of lowest degree that meets the requirements on ey, is

k—1 m—1
[[@—=2) [] @—=)
i=0 k41
ex(®) = 1 m—1
(z), — ) H (T — xs)
r=0 s=k+1
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LAGRANGIAN INTERPOLATION (2) I

e Interpolation of sampled values of a function f:

> Given sampled values f(z;) at sampling points g, ... , Tpm_1
> The interpolating polynomial of lowest degree is

Fla)= 3" fla) exla)

(2:) 1,if x; = xp;
Cp\T;) =
' 0,if z; # 4.

where

> The remainder is

) (g
R(x) = f(x) — F(x) = / m(' )S(az) for =€ {xg, ..., Tp_1}

where a € |xg, x,,,—1] and the sampling polynomial is
m—1

S(x) = H (x — x;)

1=0
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e Method: Integrate the Lagrange interpolation formula

> Integrate f(x) = F(x) + R(x):

/f dx—/bF(:z:') ()daz+/b R(z) w(x) dx

-5 wrte+ £ [ st

> This formula is exact (S(x) = 0) if f is a polynomial of
degree < m — 1

e Since degreeley] = m — 1,

b m—1 m—1
/ er(z) w(z)dr = Z w; ex(x;) = Z W; O = Wy
a i=0 i=0
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e To derive the optimal values of the sample points x;:

> Suppose temporarily that f is a polynomial of degree < 2m — 1
P Pde Fy et p () = g(@) pu(e) + ()

The quotient ¢ and remainder r are polynomials of degree < m — 1
> Since p,, 1s orthogonal to all polynomials of degree < m — 1,

[ awrputeywieyas =0
/ fo) i) do = [ ' 4(&) pul) w(a) da + / (&) w(e) do

— w; [f(xz) _ C](%‘) pm@fi)] © C. D. Cantrell (06/1997)
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e The optimal values of the sample points x; are the zeros of p,,, because

[ f@ wta) =3 wlfn) - aw) pala]

> The choice

z; = i™ zero of D

makes the formula

b
/ @) wle)de = Y wi f(w)

exact if f is a polynomial of degree < 2m — 1
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