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FOUR-WAVE MIXING (FWM) AND DENSE WDM I

e Design problem: Maximize the number of channels in a WDM system, keep-
ing the BER below a fixed value

> If FWM did not exist, one could minimize BER by minimizing
dispersion

> Given 3 WDM channels at frequencies wq, we, w3, FWM creates 9 new
waves at frequencies

wijr = w; +w; —wy, where 4,7,k € (1:3)
o FWM is intermodulation distortion at optical frequencies
o Result of FWM in a digital system is crosstalk
> The only ways to minimize FWM are to:

o Introduce dispersion into the system
o Maximize channel separation (= minimize number of channels)

> WDM system design depends on a compromise between dis-

persion control and FWM control
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NONLINEAR POLARIZATION FOR FWM (1) |

e Nonlinear polarization:

Py = 4X(3)(E -E)E = Z Re {—iénlﬂn(rT)PNL,n(Z’ t)ei(ﬁnZ—wnt)}

=1y [—z’én%PNL,nei(ﬁ”Z_w”t) + c.c.]
n

The sum on n runs over all the frequencies that occur in (E - E)E

e Assume three fields, with possibly different frequencies and polarizations,
and possibly in different modes:

3
E=E +E;+ E;= Z Re [élwz(l“T)gz(Z, t>€z’(ﬁzz—wzt)
=1

_ %Z {élwglei(ﬁzz—wzﬂ 4+ C.C}

[=1
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NONLINEAR POLARIZATION FOR FWM (2) |

e Expand (E - E)E = E°E:
(E-E)E
= (E} + E; + E; + 2E; - Ey + 2E; - E3 + 2E, - E;3) (E; + Ey + Es)
= [EiE; + E3E; + ESE;]
+ [(E5+E3) E + (E + E;) Ey + (E{ + E3) E;
+ (2E; - E9)Ey + (2E; - E3)E; + (2E; - Ey)E;
+ (2E2 ° E3)E3 + (2E1 : E3>E1 + (2E2 ' Eg)Eg ]

-+ [(2E1 . Eg)Eg + (2E1 . E3>E2 -+ <2E2 . Eg)El]

e Fach group of square-bracketed terms predicts different nonlinear-optical
phenomena
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EVALUATION OF E%El |

E, = %él [Wl + Wl*]

e Envelope form:

where |
W1 _ ez[ﬁ(m)z—mt]wl (rT’ wl)CC:l(Z; t)
e Then
E%El = %él [W1 + Wl*] [Wl + Wl*]Q

= 1&; (Wi + WS [W7 + 2|Wh|* + W]

= L&y [(W+ W) + (WEW; + Wi2Wy) + 2W4 (W + W)
1

> Coeflicient of third-harmonic terms at +3wy is 3
> Coeflicient of self-phase modulation terms at +w; is %
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PhoTEC
EVALUATION OF E%El |

E =& [W+W] (=12

Y

e Envelope form:

where

e Then
EIE, = L&) Wy + W] [Wa + W57
= 2&1 (W1 + Wi [W5 + 2|Wa|” + W57
= 1&; [ W5 + WiW5?
+ 2| Wa P (W + W) + WiW5 + Wi W57
> Coefficient of FWM terms at 4 (2wy — wy) is &

8

> Coefficient of cross-phase modulation terms at £w; is %
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EVALUATION OF 2(E; - E,)E,

e Envelope form:

E =zeW+W (=12

where

W,y = elPn==willy (rr w)& (2, 1)

e Then
2AE; - Eo)Ey = 2(&) - &)éy W) + W] Wy + W37’
= 2(& - &)y Wy + W} [W3 + 2|Wa]* + W57
= 2(é - 62)62 (WAW5 + WiW5?
+ 2| Wa* (W + W) + WiW5 + Wi W57

> Coefficient of FWM terms at £(2ws — wy) is %
.4

> Coeflicient of cross-phase modulation terms at 4wy is g
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NONLINEAR POLARIZATION FOR FWM (3) |

e After substitution of the envelope form of E;, 3 kinds of terms occur in
(E-E)E:

> General form: 553 Or C.C.

ool

o Coefficient (same polarization):
o Frequencies: +3wj
o Third-harmonic generation

> General form: |&|2&;, EXE; or c.c.
o Coefficient (same polarization): 3
o Frequencies: +w; or +(2wi + wy)
o SPM, degenerate FWM

> General form: |E|%E;, EFEE,, or c.c.

o Coefficient (same polarization): 9
o Frequencies: +wy, +(wi + w; + wy)
o XPM, non-degenerate FWM
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NONLINEAR POLARIZATION FOR FWM (4) |

e Compact formula for (E - E)E:

EZE = ! Z D il | Or0omELEEm o 1B (wp)+B(wp)+8(wm)]e—(wptwiFwm)t}
k.lm

where k,l, m==1, £2, £3,
Ep = Erpy Vo = Vinp Oy = =By Woppl = —Wpls
and, when all waves have the same polarization,
(1, ifk=1=m:
3, ifk=—-l=m;

Dlkblm = | k=—-l#m orif
6, if { -

\ k|, |l],|m|  are different.

e Compact formula for Py
. %iwnfpnei(ﬂnz—wnt)
_ % (4X(3)) Dy |m|¢k¢l¢mgkglgmei{[ﬂ(wk)+ﬁ(wz)+ﬁ(wm)lz—(Wk+wz+wm)t}

where Wp = WE + W + Wy @© C. D. Cantrell (09/1999)
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NONLINEAR POLARIZATION FOR FWM (5) |

e Multiply both sides of the equation for P, by ¥, (rp)* and integrate with
respect to the transverse area:

P, = iX(S)D|k‘|,‘l|,|m|Mnklmgkglgmei(Aﬁnklm)z

where

Wp = Wi + wW; + Wy
the wave-vector mismatch is AG,xm = —0(w,) + Blwi) + Blw;) +
B(wm) , and the mode overlap integral is

/ Un () Vi) (rr) Y (vr) dorp

Hnkim —
[ [ e vy
e Example: U = Yr = Py =y =
>y is the eigenfunction for the HE{; mode,
—7“2 w2
e ) = g, =

© C. D. Cantrell (12/1999)



The University of Texas at Dallas UTpD Erik Jgr;]ss_?ggchool
0

NONLINEAR POLARIZATION FOR FWM (6)

I ntensity of lowest mode M ode overlap integrand
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The intensity in the lowest mode, |y (z, y)|? The mode overlap integrand, |1 (z, y)|*
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NONLINEAR POLARIZATION FOR FWM (7) |

e Mode overlap integral:

/ / U (v7) i (er) (v 7)o (r7) drr

e / / [P (rr)]” drr

> Normalization of 1,,:

/ [ (r7)]? dPre =1

> Then |1, (r7)[* has units of (area)™?

e Effective area for the interaction of waves k, [, m to produce wave n:

(A6>_1 = |Mnk‘lm|
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PROPAGATION EQUATION FOR FWM (1) |

e Paraxial wave equation for the complex amplitude of a single mode:

0 —  2mwo IMW? —
0z Xl Bc? Em Bc?

where ]
E = Re | &, (rr)En(2, t>ei<ﬁz—wt>}
:%[éwé’ iBz=wt) 4 c.c.]
Pyr = Re | =i (r7)Prim(z, t)ei(ﬁz_wﬂ
— L [—i8thp Prpme P 4 c.c]

e Nonlinear polarization for four-wave mixing of a ltnearly polarized field in
an isotropic material:

Py, = 4" (E-E)E
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PROPAGATION EQUATION FOR FWM (2) |

e Paraxial wave equation for the complex amplitude of a single mode (or WDM
channel):

0 — O— 27m'w2X( ) /
oEn = —5En 2 Lntetm Dyl 1], | E R E1E e S nkim)?
92/ 3.2 Hnkim k||l |m|© kC 1
e Introduce mode amplitudes which are directly related to power:
cnonAe _ , 5
F, = 8’ E, = power in mode n is P, = |F,)|
s

e Paraxial wave equation in terms of F's:

0 — O— 1672w, %) /
= gt tiTs Qfl Pkt D) F 1 F 1 T 2 i)
On

0z

where we have used

B

no.n

Wy ~
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PROPAGATION EQUATION FOR FWM (3) |

e Paraxial wave equation:

0 — a— 1672w, x®
_fn — __fn n mD m
5. 57 nd c2A, Fklm kL

X Fp i, e (B0nkin)? /
e T'wo regimes to study:

> Three strong waves (Fy, Fi, Fm) generate nine weak waves (JF,)
o Useful for estimating crosstalk among channels
> Parametric coupling of three strong waves

o Leads to coherent amplification of some channels and de-amplification
of others
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PARAMETRIC AMPLIFICATION BY FWM (1) |

e Assume that w, < wy < w,,

W] = Wp = Wi, Wy = =W, Wy =Ws= 2W1 — Wa,
and that the wave at w; is strong and undepleted

e Parametric equations for Stokes and anti-Stokes amplitudes:

0 —= - 9 A
_f's — __fs _F ? 5&32
57 MR

(9 — % X — % J—= iABysz
—F =—=F —i1=F.e as

where
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PARAMETRIC AMPLIFICATION BY FWM (2) |

e Solution of the parametric equations predicts exponential gain for the Stokes
and anti-Stokes waves:

7 () = _ o (atiAGas)2' /2 { 73(0, t') cosh(bz')

+ Qib [9?:(07 t') — iABusF (0, ') | sinh(b2') }

where

b= %\/92 - (AﬁaS)Z
(& similarly for ?Q(Z’, t'))

e Threshold for parametric gain:

g = ABus
e Minimum channel spacing at threshold (practical units):
P 1Y
AVey i, = 11.65 [ = ]
! Dps/nm—km
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SPECTRUM OF FWM (1) I

e [requencies produced by the mixing of three strong waves at wy, wy and ws:

Wkim = Wi + W) — Wy,

> Case 1: {k, [, m} = permutation of {1, 2, 3} There are three initially
weak waves with frequencies

w123, W231, W312
degeneracy factor Dy i|.jm| = 0

> Case 2: w; = wi # Wi, There are six initially weak waves with frequencies

w112, W13, Wa221, W223, W33l, W332
degeneracy factor Dy x| jm| = 3
> Intensity in Case 1 is 4 X intensity in Case 2

e Reference: N. Shibata et al., IEEE J. Quant. Elect. QE-23, 1205-1210
(1987)
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SPECTRUM OF FWM (2) I

e Spectrum when |w; — wy| # |we — wsl:

w1 W2 w3

| | | | | |
Wi13 Wi23 Wi12 W23 w312 W21 Wa31 W332  W33s1

© C. D. Cantrell (12/1999)
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PhoTEC
SPECTRUM OF FWM (3) I

e Spectrum when |w; — wy| = |we — wsl:

w1 w2 w3

| i | |
Wi113 W123, Wi12 W223 W312 W21 W231,W332 W33l
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WEAK-WAVE GENERATION BY FWM (1) |

e Assume that

W1 = W, W =W, W3=—Wp, Wi=UW
and let
AL = ABukim = Blw1) + Blwa) — [B(ws) + Bws)]
where wy 4+ wy — (wg + W4> =0

e Paraxial wave equation for a weak-wave amplitude:

0 — o— .
@f4:—§f.4‘|—2

K& —_ e —

i(AB)Z
L€<L)f1f2F3€

where
 16m%w,x W Le(L)

2 2
ngC-Ae

K ,LLnk:lmD|k|,|l],|m|

e Assume only linear attenuation of the strong waves:

Fi2, t) =e “PF 0, ) fori=1,2, 3

© C. D. Cantrell (12/1999)
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WEAK-WAVE GENERATION BY FWM (2) |

e Transform away the exponential loss term:

> Multiply
0 — O— o oy ,
I _ = . * i(AS)z
02/F4 2f4+ZL€(L)f1f2f3€
by /2 and introduce the temporary field
f/ — 6042//2 ?4

> Assume linear attenuation of the strong waves:
Fi, 1) = e 2F,(0, t)
fori=1, 2, 3
> Phase mismatch:

AB = Bwr) + Blwa) — [B(ws) + Blws)]
> Equation for F':

o ., . K
02" = LD

(2T (0)Fo(0)F5 0
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WEAK-WAVE GENERATION BY FWM (3) |

e Solution of the equation

o ., . K
927 L)

ATV (0)F5(0)F5(0)
> Integrate:

F'(L) = icF1(0)F5(0 )?;(O) /L liAF—a)z g7
1 — 6—(04—2'A6)L L ! L .
- e g PO 0
> Substitute F' = e**'/2 F4 and use Py(L) = \?4([/)‘2

> Power 1in the weak wave:

|Py(L)]* = mos(a, AB, L) k% =% Py(0) P5(0) P3(0)

where

1 — 6—(04—2’A5)L 2

Le(L> (Oé o ZAﬁ)

77123<Oé, Aﬁ7 L) = |
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WEAK-WAVE GENERATION BY FWM (4) |

e Fvaluation of

1 — 6—(04—7JA5)L 2

L6<L><a o ZAﬁ)

77123(CV,A57 L) = ‘

using Lo(L) = a~1(1 — e7oL) -

2 o2 (1 _ 6—(a—z‘Aﬁ)L><1 _ e—(aﬂ'AB)L)
a2+ (AB)? (1— oLy
o  2e b1 — cos(AﬁL)]]

1 — 6—(04—2'A6)L
'Le(L><& o ZAﬁ)

“2rar |t (1 e—oL)?

o’ | 4eoLgin *(AAQL)

RNl
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WEAK-WAVE GENERATION BY FWM (5) |

e Weak-wave power at z = L:

P4(L> = KJ2 e_aLﬁlgg(Oé, AB, L)Pl(())PQ(O)Pg(O)

> The phase mismatch factor

2 de " sin® (FABL
Q € sin
77123<057 Aﬁa L) — 9 2 X |1+ (2L 2 )
a* + (Ap) (1 —e “ )
is the ratio of the power generated without phase matching to the power
generated with phase matching

© C. D. Cantrell (12/1999)
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EFFICIENCY OF FWM

o 'WM efficiency at o = 0.2 dB/km:
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WEAK-WAVE GENERATION BY FWM (6) |

e Important special cases:

> Zero loss (a = 0):

o The power in the weak wave is proportional to the reciprocal of the
square of the propagation-constant mismatch:

Py(L) oc (AB)?

o Py(L) oscillates with a period equal to twice the nonlinear-optical co-
herence length,

lcoh — W/Aﬁ
> Long distance (L > o™ 1):

Py(L) o< [+ (AB/a)]

© C. D. Cantrell (12/1999)
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WEAK-WAVE GENERATION BY FWM (7) |

e Special case of zero loss (a = 0):
2 4 sin? (%AﬂL)
(AB)’
> The phase mismatch of the waves radiated by Py (wia3) at 2 = 0 and
2= Lis LAS
>If AG # 0, the wave radiated by Pyp(wie3) grows in amplitude from

2z = 0to z = l.on, where the nonlinear-optical coherence length is
7

leoh = INE
At z = [, the sine takes its maximum value:
sSin (%Aﬁ lcoh) =1
> Pyp(wieg) =0 at 2 = 2lop, since
sin (AB leon) =0

K

K°M123(0, AB, L) = (Z)

= Kk’sinc’ (%AﬁL)

© C. D. Cantrell (12/1999)
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WEAK-WAVE GENERATION BY FWM (8) |

e Zero-absorption limit:

ma23(0, AB, L) =

4sin*(3ABL)
(AB)?

e Plot for a =0, L = 100 km:

Phase mismatch factor

0.8

0.6
123

0.4

0.2
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WEAK-WAVE GENERATION BY FWM (9) |

e Limit of zero dispersion (AS = 0):

> Zero-loss limit (a = 0):
The wave at w4 grows in amplitude until the pump wave is depleted

> Non-zero loss (a # 0):
Ratio of the power Py(L) in the wave generated by FWM to the power
Py(L) = e*L'P1(0) in one of the original 3 waves is
Py(L)
Py(L)
o The only dependence on distance is in the FWM efficiency,
mas(a, AG, L)
o As L becomes large compared to an absorption length o™}
mos(a, AB, L) — 1
o The only way to make FWM small when A3 = 0 is to
decrease the launch power

— /{277123(047 Aﬁa L)P2(0>P3<O)

)

© C. D. Cantrell (12/1999)
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WEAK-WAVE GENERATION BY FWM (10) |

e [or long-haul telecommunications, where
e—ozL ~ ()
' 1

A3 2
87

Phase mismatch factor

77123(@7 A57 L) ~

0.8

0.6
123

0.4

0.2

1 2 3 4 S
L0°(ASB) ey

e One can design for low FWM power by adjusting AS3

© C. D. Cantrell (12/1999)
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WEAK-WAVE GENERATION BY FWM (11) |

e Express A in terms of chromatic dispersion D and S = dD/d in a form
appropriate for wsqs:

> Expand ((w,) (r =1, 3, 4) in a power series about wy

> Let Avgy, = |vp — Ui, where wy = 27y

2N\ A%S
i ANZDYANZY: [D + Q—C(AVH + AV%)]

AB =

> Define an equivalent channel spacing

Al/eq = \/Al/lgAygg

> Assume equal channel spacing:
Avig = Avgg
> Then Av19Avez(Arvyg + Avsg) = 2 (Aueq)?’
e Reference: R. G. Waarts et al., Proc. IEEE 78, 13441368 (1990)

© C. D. Cantrell (12/1999)
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WEAK-WAVE GENERATION BY FWM (12) |

e Plot the long-haul phase mismatch factor 7312 versus Aveq in terms of prac-
tical parameters:

1 AB 2w\ A28
7]312(0&7 Aﬁ, L) ~ where 6 = d AVZ [D + —<2AVeq)]

AR\ 2 o ac 4 2¢
1 (—5

a

Phase mismatch factor
A = 1550 nm, S = .055 ps/km-nm”

1
0.8
Mato 0.6 Left to right:
0.4 D =42 1,0 ps/nm-km
0.2

20 40 60 80 100
channel spacing Av, (GHz)
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WEAK-WAVE GENERATION BY FWM (13) |

e Design problem: Minimize FWM crosstalk in a WDM system

> Channel frequencies:
v, = 1y + n;Av

> FWM frequencies:
Vijk = Vo + nijpAv - where  nyj, = n; +n; — ny,
> Require that for all integers ¢, 7, k from 1 to /N such that k& # 1, 7,
nijk & (n1,ng, ... ,ny) = unequal channel spacings
> Require a minimum channel separation of nAv:
Nit1 — Ny =N
> Require minimum total optical bandwidth
B = (ny — n1)Ar = minimum

> This integer linear programming problem is NP-complete!
© C. D. Cantrell (12/1999)



