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Vectors in two and three dimensions

A vector is a physical quantity that has the attributes of magnitude and direction,
such as electric field intensity (E), magnetic field intensity (H) and current density (J).
The magnitude of a vector is always a non-negative real number (such as 0, 2 or 17). The
null vector (or zero vector) O has a magnitude of zero, and has no direction. An ordinary
number is called a scalar. A unit vectoris a vector with a magnitude of 1 and any
direction. Unit vectors are used to specify directions. Fig. 1 shows several vectors of

different magnitudes and directions.
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The concept of a vector is a generalization of the concept of a displacement in
space (such as “Go 300 meters East” or “Move the capacitor 5 mm towards the connector
end of the printed-circuit board”). Vectors that lie entirely in a single plane are called
two-dimensional vectors, in contrast to three-dimensionakectors, which can point in
any direction in three-dimensional space. A two- or three-dimensional vector is
represented with an arrow, the length of which is proportional to the length of the vector,
and the direction of which is the same as the direction of the vector. Abstract vectors
with more than three dimensions are useful for computational purposes; see below.

The standard symbolic notations for vectors are boldface letters (a) and italic
letters with an arrow overhead ( &).

Physically meaningful vectors have units. For example, the units of the electric
field intensity vector E are volts/meter. The units of the vector are the same as the units
of its magnitude. The set of all vectors with the same units is a vector space Units are
also called dimensions, but the term “dimension” has a different meaning in vector
spaces.

Physical vectors such as position and momentum are properties of an object. The
position vector of a point in space, I, is defined by the object’s X, y and z coordinates:
r =(X,y,2). However, electrical engineering also makes use of vector fields such as the
electric field, E, the magnetic field, H, and the current density field, J. In general, a



vectorfield is a function, for which we use the generic symbol F, that assigns a vector
F(r) to each point in space.

If a vector a with a magnitude a is multiplied by a number a, the result is a vector

b=oaa

in the same direction as a with a magnitude equal to aa. In mathematical language, a
vector space is closed under scalar multiplication

The rule for adding two vectors follows directly from the common-sense head-to-
tail method for combining successive displacements, as shown in Fig. 2. The sum of two
vectors is another vector; in mathematical terms, a vector space is closed under vector
addition. Vector addition is commutative that is, the sum of two vectors does not depend
on the order in which the vectors are added:

a+b=b+a.

Vector addition is also associativemeaning that the sum of three or more vectors does
not depend on the manner in which the vectors are grouped:

a+(b+c)=(@+b)+c.
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To compute the sum of two vectors, it often is convenient to express the vectors in
terms of componentslong coordinate axes. The Cartesian(or rectangulan
componentsof a vector a are its components along the Cartesian X and Yy coordinate axes
(and the z axis, in three dimensions). The component of a vector a along the X axis (for
example) is usually written a,. The X and Y components of a two-dimensional vector are
shown in Fig. 3, which also illustrates the important theorem that a vector is equal to the
vector sum of its projections on the coordinate axes,

a=aX+ay,
where X and ¥ are unit vectors that point along the X and Y axes, respectively.
From the Pythagorean theorem and from the fact that a, and a, can be thought of as
distances along the X and Yy axes, which are mutually perpendicular, one sees that
a=a + aj This gives the important formula

— a2 a2
a=\& g
for the magnitude of a two-dimensional vector in terms of the magnitudes of the
components along mutually perpendicular axes.
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A two-dimensional vector ais the displacement vector from the origin to the point
whose Cartesian coordinates are (&, @,). For this reason a complex number (such as an
impedance, or a phasor representing an alternating voltage or current) can be represented
by a two-dimensional vector. For example, an impedance Z =21 + j28 Q can be

represented by a two-dimensional vector with the Cartesian components (21, 28). The
magnitude of the impedance in this example is |Z] =+21% + 28> =35 Q.

In three dimensions, the component resolution of a vector a is
a=aX+ay+a,z
and the formula for the vector’s magnitude is
— 2 2 2
a=.a ta +a

in terms of the Cartesian components a,, @, and a,.

Fig. 4 illustrates the fact that the components of the sum of two or more vectors
are equal to the sums of the components of the vectors:

a+b=@X+ay)+bX+by)=(@+b)X+@+h)Y.
In other words, the X component of a + b is a+ b,.
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The effective impedance of a combination of impedances in series can be found
by vector addition. For example, if an impedance Z, = 1 + |3 Q is in series with an
impedance Z, =5 — j4 Q, the effective impedance can be found by calculating the vector
sum
2=2,+2,=(1,3)+(5 -4)=(6,-1),
from which one sees that the effective impedance is Z=6 —j1 Q. Fig. 5 shows a

graphical solution to this example.



Figure 5

To specify the direction of a two-dimensional vector numerically one uses the
angle O between the direction of the vector and a reference line, which usually is chosen
as the positive x-axis. For example, an impedance Z=6 —j1 Q (expressed in terms of its

resistive and reactive components) can also be represented in terms of its magnitude and
phase angle as Z = 6.083 9.46° (Fig. 5).

Given the X and Y components of a two-dimensional vector, one can determine the
angle 0 that the vector makes with the X axis from the formula

tan in.
a,

When using this formula numerically, one should remember that the arc tangent function
returns angles modulo 180°, that is, tan‘l(ay /a,) lies in the range (-90°, 90°), not in the
ranges (0°, 360°) or (—180°, 180°). Therefore, one should determine the quadrant in which
the angle lies by examining a, and a,, and adjust the value of the angle returned by the arc
tangent function by 180° or 360° if necessary. For example, if a, < 0 and a,> 0, then 6

lies in the second quadrant, and therefore
U
6 = tan’ S&F 180°
in this case.

There are two meaningful products of two- or three-dimensional vectors. The
scalar product(also called the dot product or inner product), which is written alb, is the
number

alb=abcos 6,



where 0, is the angle between a and b (measured such that 0, is not less than 0° and is
not greater than 180°). If A is a unit vector, then N[ =acos 6,, is the component of a
along the direction specified by f (see Fig. 6).
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Figure 6

Geometrically, alb is equal to the magnitude of a, times the magnitude of the
component of b along the direction of &. Trigonometric manipulation shows that the
scalar product is equal to the sum of the products of the Cartesian components:

alb=ahb, +ab +ab,.
If a and b are perpendicular to each other, then their scalar product vanishes,
alb=0,
and one says that a and b are orthogonal

One of the most important applications of the dot product is the computation of
vector components. For example, to compute the rectangular components of a vector a,
one takes the dot product of a with the Cartesian unit vectors :

a, =X[aand a =y[a.
The vector productalso called the cross product) of vectors a and b is the vector

ax b with the magnitude ablsin 8, orthogonal to both a and b, and with the sense that

one obtains by rotating a into b using the right-hand rule (Fig. 7). To apply the right-
hand rule, make a hitchhiker’s fist with the right hand (fingers clenched, thumb extended
perpendicular to the forearm) and let the fingers point from ato b. The thumb then
points in the direction of axb.

axb
A
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The magnitude of the vector product a x b is equal to the area of the
parallelogram defined by a and b. Referring to Fig. 8, one sees that the base of the
parallelogram is the length of the vector @, while the height is the length of b times the



sine of the angle between a and b. Hence the area of the parallelogram is equal to ablsin
0.4, which is the magnitude of axb. Often one refers to ax b as the directed areaof

the parallelogram, because a x b has both magnitude and direction.

>
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More generally, a directed area is any polygon, together with one of the two
possible directions in space perpendicular to the polygon.

The triple scalar producta [(b x c)is unchanged under cyclic permutations of a,
b and c, and changes sign under permutations that change the cyclic order:
allbxc)=blcxa)=cl{axb)=-al{cxb)-blaxc)=-clbxa)
The triple scalar product is equal to the volume of the parallelepiped whose edges are
defined by the vectors @, b and c, because the directed area of the base of the
parallelepiped is a x b, and the height of the parallelepiped is the component of C that is
perpendicular to ax b.

The value of the triple vector producta x (b x c) is given by the BAC-CAB rule
ax(bxc)=b(alt)-c(alb).
This formula is useful in electromagnetics and other areas in which one must express a
vector b in terms of components that are parallel or perpendicular to a given unit vector
A. For example, if one sets a =c =N in the BAC-CAB rule, then one sees that
b=(A)h+nx(bxn),

where b is any vector. In this formula, the vector (A [b)f is parallel to N, and the vector
A x (b x ) is perpendicular to f.

Vectors inn dimensions

For computational purposes, an n-dimensional vectois any array V[ ] with n
elements V(K] =V,, where k= 0,...,n—1. For example, a numerical solution of a
differential equation such as

2
eV re vz
dt dt

is a vector, the elements V(K] =V, = v(t,) of which are the approximate numerical values
V(t,) of the function v at n sampling times {,,...,t,_,. Vectors of time-sampled values are

examples of abstract vectors, that is, objects that do belong to three-dimensional space,
but that have many of the properties of physical vectors.



An abstract vector spacé’ is a set, the elements X, y, Z, ... of which obey the
following axioms, where Q, [3, ... are scalars:

1. An operation of addition is defined, such that, for every pair of vectors X, ¥ in ¥, the
vector sum X +V belongsto ¥,and y+X=X+Y.

2. Vector addition is associative: X +(y+2)=(X+Yy)+Z.

3. A null vector 0 exists, with the property that for every vector X in 9, X +0 = X.

4. For every vector X in 7 there exists a vector —X such that X +(-X) =X —-X = 0.
5. For every vector X in %, and for every scalar a, there is a scalar multiple aX that

belongs to 7.
6. Scalar multiplication obeys the distributive laws a(X +Yy) =aX +ay and
(a+p)x=oax+pX.
7. Scalar multiplication is associative, meaning that a(fX) = (af)X.
8. Multiplying any vector X by the zero scalar, 0, gives the null vector, 0.
9. Multiplying any vector X by the unit scalar, 1, gives back X: 1X=X.
The usefulness of the concept of an abstract vector space comes from its extremely wide
applicability. The “vectors” X can be functions, column vectors, row vectors, or even
matrices. Any property that is true for abstract vectors is true for functions, column
vectors, and so on.

A set of abstract vectors X,, X,,..., X, is called linearly independentf the only
scalars a,q,...,0,_, such that
m-1 B
Z ax =0
=0

are a, =a, =---=0a,,_, =0. On the other hand, if this equation holds with some nonzero
then the vectors X, X,,..., X, are called linearly
dependent In particular, if two abstract vectors X,y are linearly dependent, then there is

values of the scalars a,,q,....0_,,

a number O such that y = aX. For example, the functions sinat and cosat are linearly

independent, for there is no number O such that cosat = a'sin k.

It can be proved that, for any given abstract vector space ¥, the number of linearly
independent vectors in a set X, X,...,X,,_, is less than, or equal to, a certain maximum
number, N, which is called the dimensionof the vector space. In effect, the dimension of
a vector space is equal to the number of degrees of freedom in the space. For example,
there are at most three linearly independent vectors in any set of three-dimensional
vectors, because every three-dimensional vector is linearly dependent on the Cartesian
unit vectors X, ¥ and Z. A set of linearly independent vectors &,,€,...,&,_, that has the
property that every other vector in a vector space 7 can be expressed as a linear
combination



is called a basisof 7. If the basis vectors are normalized so that each one has unit length
and they are mutually orthogonal, then the basis is called orthonormal. The Cartesian
unit vectors X, ¥ and Z are an orthonormal basis of the space of three-dimensional
vectors. Orthonormal bases of vector spaces whose elements are functions are used in
many applications, ranging from electromagnetic boundary-value problems to the theory
of random processes.

Vector components in orthogonal curvilinear coordinate systems

Some electromagnetic engineering problems, such as scattering, radiation
by an antenna, and wave propagation in cylindrical waveguides, take their simplest form
when expressed in coordinates that are adapted to the geometrical symmetry of the
problem. For example, an optical fiber can be idealized as a cylinder. The natural
coordinate system in this case is the cylindrical system. The circular cylindrical
coordinatesof a point r = (X, Y, 2) in three-dimensional space are (0, , Z), where

p=AX+y

is the perpendicular distance from the z axis to the point I,
ayQ

Uy O
is the azimuthal angle, measured from the X axis to the line in the XY plane that goes
from the origin to the point (X,Y,0), and Z is equal to the Z Cartesian coordinate of
as is shown in Fig. 9. Evidently cylindrical coordinates are simply plane polar
coordinates (p, ), with a Z coordinate added to describe three-dimensional objects.
The other important orthogonal curvilinear coordinates for engineering applications are
spherical polar coordinates, which we discuss below.

@ =tan
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One of the natural unit vectors in circular cylindrical coordinates is 2, which
points in the direction that one takes if one increases z while holding X and Yy (or p and
@) constant. Another is the unit vector P that points in the direction in which one moves

if one increases 0 while holding z and @ constant. Still another is the unit vector fp that
points in the direction of increasing ¢ (with z and p held constant). In terms of the
Cartesian unit vectors Xand ¥, the circular cylindrical unit vectors in the XY plane
(which are the same as the plane polar unit vectors) are
P =Xcos@+Ysin@ and

@=—Xsin@+ Ycos .
Because Z is orthogonal to X and ¥,

2P=0and 2[p=0.
Substituting for P and fp from the formulas just above, one finds that

@H=0.

These equations demonstrate that P, fp, and Z form an orthonormal system of unit
vectors, which one can use (instead of the fixed rectangular unit vectors X, ¥ and 2) to
express any vector in terms of its 0, ¢ and Z components. The unit vectors P, fp, and 2
define a local Cartesian coordinate system, the axes of which point in different directions,
depending on the location of the point r. Because the unit vectors are mutually

orthogonal, circular cylindrical coordinates are an example of orthogonal curvilinear
coordinates.

Any vector field F can be expressed in terms of its components along P, fp, and

Z as follows:
F=Fp+F@+F_z
To compute the circular cylindrical components of F, one takes the dot product with the
circular cylindrical unit vectors, obtaining
F, =plF =K cos@+ F, sin@ and
F, = @lF =-F ssing+ F cos@.

These formulas are used to compute the circular cylindrical components, given the
rectangular components.

The formulas that give the rectangular (XY 2) unit vectors in terms of the circular
cylindrical (or plane polar) unit vectors are
X =pcos@— @sin@ and
¥ = psin @ + @cos .
The unit vector 2 is the same in both coordinate systems. These formulas can be used to
compute the rectangular components, given the circular cylindrical components.

In general, if a global coordinate system is not Cartesian, it would be convenient
to be able to “attach” a local Cartesian coordinate system at each point r. Curvilinear



coordinate systems in which this is possible are called orthogonal curvilinear
coordinates Examples besides circular cylindrical and spherical polar coordinates
include elliptic and parabolic coordinates in two dimensions and, in three dimensions,
elliptic cylinder coordinates, parabolic cylinder coordinates, conical coordinates,
parabolic coordinates, prolate spheroidal coordinates, oblate spheroidal coordinates,
ellipsoidal coordinates and paraboloidal coordinates.

The spherical polar coordinatesf a point r = (X,Y, 2) are (r,0, @), where
N v
is the distance from the origin to the point I,
SIAN
Ly O
is the polar angle, measured from the Z axis to the line that goes from the origin to I,
and

6 =cos

ayQ

Uy O
is the azimuthal angle, measured from the X axis to the line in the XY plane that goes
from the origin to the point (X,Y,0), as is shown in Fig. 10. To locate points on the
surface of a sphere (defined by the equation r = constant), one needs only the polar
angle @ and the azimuthal angle @.
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The formulas for the spherical polar unit vectors T, 6 and fp in terms of the
rectangular unit vectors X, § and Z are
F =XsinBcos@+ ysinOsin@+ ZcosH,
0 =KXcosOcos@+ Y cosBsin@— Zsin 6,
and @=—Xsin@+ YcosQ.
These formulas imply that f, 6 and fp are mutually orthogonal,



f[@ZO, fl:(lApZO,and éEApZO,
and therefore define a set of local Cartesian coordinate axes that are attached at the point
r. The inverse relations
% =f sinBcos @+ BcosOcos@— Psin 6,
f sin @sin @+ O cos Bsin @+ Pcos 6,
and 2 =FcosO—0sin6
give the spherical polar unit vectors in terms of the rectangular unit vectors.
To compute the spherical polar coordinates of a vector field F whose rectangular
components are known, take the dot products of the spherical polar unit vectors with F:
F =F sinfcos@+ F sin@sinp+ F,cosH,
Fy, =F, cos@cos@+ F, cos@sinp—F,sinf, and
F, =—FKssingp+F cosg.

X
S\/:

To compute the rectangular components given the spherical polar coordinates, use the
formulas given above for X, ¥ and Z in terms of the spherical polar unit vectors f, 6 and

Q.
Vector integration

Integrals that involve vectors are important in electrical engineering because
important quantities such as the electrical current through a surface or the work done in
moving a charge along a three-dimensional path depend upon the magnitude and
direction of a vector, as well as the orientation of a surface or line.

The line integral of a vector field F along a curve C is defined as the limit of the
sum of contributions from line segments that approximate the curve:

IC F(r)dl = &lifr}o ; Fr)dr,, —r)

For example, this formula gives the work that is done by a force field F acting on a
particle as it moves along the curve C. The potential difference V, between two points
A and B is equal to minus the line integral of the electric field intensity E from A to B,

V,, = —J’ABE el

In this example, the value of the potential difference is independent of the path taken
from A to B. In general, however, the value of a line integral depends upon the path. For
example, the electromotive force & around a wire loop L that is immersed in a time-

varying magnetic field,

E:fLEmII,

depends upon the loop’s size, shape and number of turns.



The surface integralof a vector field F over a surface Sis the limit of the sum,
over plane polygons (with directed areas AS) that approximate S of products of the

form (area of AS times component of F perpendicular to AS):
N-1

[Fmms= lim ZO F(r) DS .

For example, the electric current |g that flows through a surface S is equal to the surface
integral of the current density J over §

s :J’SJ(r) [dS.

Gauss’ lawstates that the electric flux through a closed surface, J'S D [dS, is equal to the

charge enclosed in S

Several important formulas involve the integral of a scalar field ¢/, which is
defined as the limit of a sum, over small volumes AV, that approximate V, of products of
the form (value of { times volume AV,):

(V= lim S (r,)AV,.
Jw ngr;;w

For example, the total electric charge distributed over a volume V is equal to the volume
integral of the electric charge density p.

Vector operators

Electromagnetic engineering makes intensive use of the gradient, divergence,
curl, and Laplacian, which are called vector differential operatordecause they either
operate on vectors, or produce a vector result, or both.

The gradient of a scalar field ( (written as ¢/, or sometimes as grad(/) is a
vector field that, at each location r in space, points in the direction in which {{/ increases
most rapidly. The magnitude of [ is equal to the maximum rate at which (/ changes.
These properties are evident from the definition of the gradient in terms of its component
along an arbitrary unit vector N:

- L W +NAD)=y(r)
AHOwn) = lim A .
The change in U under a small displacement from r to r + AAI is approximately equal
to the dot product of AAl with Oy :

W(r +NAD = (r) = (Og(r)) TAAT).
For example, if { is the electric potential, then Ay is the work done by an external
force in moving a unit charge from r to r + AAl. The equation E = —[J¢ implies that
the electric field intensity is equal to minus the gradient of the electric potential. The
gradient theorenstates that the line integral from a point I to a point S of the gradient
of a scalar field  is equal to the difference of the values of (/ at Sand r:



[ Ow =y -y,

A special case is the familiar formula for the integral of an ordinary derivative,
bd
[ k= w®) -y,

An extremely important consequence of the gradient theorem is the fact that the integral
of a gradient is independent of the path of integration.

Formulas for the basic vector operators in the three most important coordinate
systems (rectangular, circular cylindrical and spherical polar coordinates) are needed
constantly in electromagnetics. The gradient of a scalar field ¢ is

DL,U = d_wf( + d_wy + d_wz
oX oy 0z
in Cartesian coordinates,
oy 5 1 dtp oy 5
Oy =S5p+——Cp+ —
P P op dz

in circular cylindrical coordinates, and
=W 10, 1 e
or r 09 rsin@ op

in spherical polar coordinates.

The divergenceof a vector field F (written as [1[F, or sometimes as divF) is

defined as the limit, as the volume AV approaches zero, of the integral of F over the
surface AS that bounds AV, divided by AV:

F LdS
OF = lim 228 .
av-o0 AV

If F is a flux vector (a rate of transfer of some physical quantity Q per unit area, per unit
time), then the divergence [JLF is equal to the rate (per unit volume) at which Q is
created or destroyed. In other words, the divergence of F is nonzero wherever there are
sources or sinks of the physical quantity Q of which F is the flux. Gauss’ theorem

J’V(D (F)dV = ISF [dsS,

states that the integral of the divergence of F over any volume V is equal to the integral
of F over the surface Sthat bounds V. For example, according to Gauss’ theorem and
one of Maxwell’s equations,

J'DEiSZJ' DEIDdV:J' pedV =Q
S \ \Y \Y
where D is the electric flux density, p is the electric charge density, and Q, is the

electric charge enclosed in V. This is simply a restatement of Gauss’ law. The
conservation of electric charge can be expressed in the equation

DEU+0'O
ot

in terms of the divergence of the electric current density J.



Explicit formulas for the divergence U[F of a vector field F are

D[F:@+£+E
¥ oz

in Cartesian coordinates,

10oF,) 1K,  oF,
p Ip podp oz
in circular cylindrical coordinates, and

2 .
D[F:id(r ), 1 d(sm9F9)+ 1 OF,
r’ o rsin@ 00 rsin@ dg

in spherical polar coordinates.

Uk =

The curl of a vector field F (written as [ X F, or sometimes as curlF) is defined
as the limit, as the area of a small, flat surface AS ([IA) approaches zero, of the line
integral of F around the closed curve AC that bounds AS:

F [l
ﬁEDXF)zlimL

as-0  AS

Stokes' theoren)
J’S(D x F) mS:fCF Call

states that the line integral of a vector field F around a closed curve C is equal to the
integral of the curl of F over any surface enclosed by C. Stokes’ theorem and Faraday’s

Law,

oD
E:fCEBdI:— dtc

(where @ = .[s B [@IS is the magnetic flux enclosed by C, and B is the magnetic

induction), imply one of Maxwell’s equations,
UxE= —ﬁ.
ot
In a fluid, the curl of the velocity field v is nonzero only where there is a net circulation
of fluid, as there is in a whirlpool or eddy. In a region of space, or in a material, in which
there are no conduction currents, the electric field intensity E obeys the wave equation

2
D><(D><E)+/J£aat|2E =0.
The curl, gradient and divergence obey the operator identities
Ox{y)=0
(the curl of a gradient is zero) and
OO xF)=0

(the divergence of a curl is zero. The relation [J X (LJg) = O implies that the integral of
a gradient around a closed path vanishes, and the relation [][([]x F) =0 implies that
the curl of a vector field cannot describe sources or sinks.



Formulas for the curl U X% F of a vector field F in the major coordinate systems
are

aF

x-S -

@ N oF,  oF 0O
ox oy Ez
in Cartesian coordinates,

OxpoBl o RO OF, oRL 100(pF,) dF,0
Eﬁd(p o"zEP g_ dp%m pE d(pEz

in circular cylindrical coordinates, and

1 GsinbF) oF 0 101 JF d(rF) (rF
0xF=rgh 2ol * B ap P
rsin@ 00 op r Csin @ Jdg ")

in spherical polar coordinates.

The Laplacian operator on a scalar field / (usually written as [1°() is defined

as the divergence of the gradient:
Dy =000Oy).
The Laplacian of a scalar field ¢/ is nonzero only at points at which there are sources or
sinks of the vector field [Jy/. For example, the right-hand side of Poisson’s equation,
Dy =-£

EO
is nonzero only where the electric charge density O is nonzero.

In Cartesian coordinates, the formula for the Laplacian is
2 2 2
Ty 2TV O Y
de WZ 022
The formulas for the Laplacian in the most important orthogonal curvilinear coordinate
systems are

100 opd, 1 o’y oy
Oy = — +
v= po"pEOdpE 0 og 97

in circular cylindrical coordinates, and
opyo, 1 oY

D2w :Li 20L,UD+ 1 igg
r> or o O r’sin6 06 200 r’sin’ 6 o¢’

in@
in spherical polar coordinates.

The Laplacian of a vector field is defined in such a way that the equation
Ox((OxF)=000F) - O°F

is true in all orthogonal curvilinear coordinate systems. In Cartesian coordinates, the
Laplacian acts only on the components of a vector field F:

°F = (O°F)x + (O°F)y + (O°F,)2.
However, in curvilinear coordinates (such as circular cylindrical or spherical polar
coordinates), the gradient and divergence operators act on the unit vectors as well as on
the components of F, because the unit vectors depend upon the position vector, I .
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